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Preface

After closing about 200,000 option transactions! (that is separate option
tickets) over 12 years and studying about 70,000 risk management reports, I
felt that I needed to sit down and reflect on the thousands of mishedges I
had committed.

I clambered up to my attic where, during 6 entire months, I spent 14
hours a day, 7 days a week, immersed in probability theory, numerical
analysis, and mathematical statistics (at a Ph.D. level). Then I began to
write this book.

Like George Soros?, I believed in a greater uncertainty principle (more
acute than Heisenberg’s) that largely invalidates social science theories
based on physics-like methodology and weakens the notion of modeling
outside of the natural sciences. It ain’t physics, I kept warning my trainees
throughout my career.

My other argument against being scientific was that, even if it were a
“science,” option theory (while perhaps on the right track) would be too
young to be reliable. I then needed to warn the public (and the regulators)
against taking an unseasoned and new field and applying some of its still
misspecified models to reality. Many of the market risks that have been
well known to traders since imperial Rome (like squeezes and the snow-
balling liquidity holes) have not yet been rediscovered by the scientific risk
managers. I am convinced that the financial system is largely threatened
by the proliferation of risk management advisory services run by former
scientists who bullied their way into financial markets. My intention was to
downgrade hedging and risk management from the status of science to that
of a craft, until further notice.

This book is about hedging the risks of standard and exotic options, as
part of the larger framework of risk management. No road map was avail-
able since little has been written on this subject (in contrast to the extensive
literature for valuation).

Dynamic hedging is more like medicine than biology. It is learned by
gaining practical experience as well as by studying published research. The
wrinkles of the marketplace often dominate other complex issues, which can
lead option theoreticians onto a wrong path. Traders’ lore can only be trans-
mitted through practice. This book will meld matters of practical (not neces-
sarily anecdotal) importance with fundamental theory.

The major theme is to present traders and risk managers with the tools
to navigate around the difficult notion of manufacturing financial products
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through book-running. This book will introduce the arcane world of dy-
namic monitoring of risks. The core of dynamic hedging includes:

¢ The need for a methodology for the implementation of the Black-
Scholes-Merton® replicating process for options or any other nonlin-
ear security under the constraints imposed by the marketplace.

The need to generalize the Black-Scholes-Merton framework to cover
other parameters than the underlying security in the replicating pro-
cess (like volatility or interest rates).

The awareness that transaction costs and frequency can cause a de-
parture from the canons of continuous time finance.

¢ The awareness that distributions are unstable and hard to model.

Much of the common option literature has been concerned with details
of the pricing of instruments (some of which remain untractable).? These
works often provide insignificant answers to insignificant problems, such
as the search for precision in the pricing of American options with constant
volatility or interest rates (penny wisdom and dollar insensitivity). In addi-
tion, the nontheoretical option literature, departing from the Black-Scholes-
Merton framework, has been ensconced in static risk measurement. Most
documents introducing traders to conventional risks show only the static,
not the dynamic, risks. A derivatives ‘position that is dynamically hedged
will be subjected to an entirely different risk profile and, ‘given the limita-
tions of such hedging, will therefore be subjected to path dependence (a key
word for an option manufacturer).

Readers will not find a magazine-type proliferation of traded exotic
structures that delineate infinite variations and combinations; instead, the
analysis is limited to the nondecomposable stryctures (the SDF, smallest
decomposable fragment). A structure that is the addition of two products
will be therefore excluded (except in few cases of nonadditivity, where the
combination has some merit for the dynamic hedger). The objective of this
book is to provide the traders and risk managers with the tools, not the
ramifications.

Readers should use this book like a roadmap, searching out topics that
interest them and moving freely from topic to topic. The formal definitions
serve as anchors between categories. .

More advanced mathematical topics are relegated to the modules at
the back of the book. An attempt has been made to avoid mathematical
language and to explain issues in plain English. Formulas do not appear
until Chapter 22. In addition, in the presentation of mathematical ele-
ments, the book avoids the measure-theoretic framework (required for
most proofs in probability theory) and follows an intuitive path. Most




Preface  vii

mathematical concepts surrounding the topic can be explained with an in-
tuitive verbal description accompanied by graphical hints.

Option Wizards provide a lighter note for many serious topics. Since
these sections are designed to be read independently, readers can flip be-
tween them at their discretion.

Finally, throughout this book, the pronoun ke is used as a stylistic con-
vention for ease of reading. This use should always be construed as gender
neutral.

* Part I (Chapters 1-6) defines market microstructure and products.
The markets are viewed from the vantage point of broker speaker
boxes and market pits, but also are defined in the formal setting of
market microstructure theory.

¢ Part II (Chapters 7-16) defines the basics of vanilla option risk and
presents measurement tools.

¢ Part III (Chapters 17-23) describes the risks of exotic options.

e Part IV (Modules A to G) presents more quantitative tools of analy-
sis and bridges a practitioner’s world with option theory. These
modules, however, should not be construed as appendixes: Most of
their content belong to the core of the text.

NoTESs ON THE TEXT

Given that I did not initially learn about options in the literature but di-
rectly from the market (through observation and experimentation), most of
my reasoning remains highly intuitive. I apologize to people with more
scholastic tastes who may not be used to such a presentation. Most exam-
ples in this book are presented as generic situations. The volatility will be
defined as 15.7% (to make one standard deviation equal to 1% daily move).
The markets will be scaled to trade at 100.> For the purposes of pure option
situations, the forward is equal to spot, and the financial carry is insignifi-
cant (except in the rare difficult cases where it matters). All options will be
European style except for the exotic options where a term structure may
be introduced if it becomes relevant for the exercise.

Showing the profile of a butterfly, for example, will involve using
98/100/102 generic calls and studying a calendar spread looking at the
three-month 100 against the 6-month 100 calls, and so on.

The creation of generic examples will standardize all cases and help
in equating situations throughout the book. When dealing with a purely
conceptual option problem, it is necessary to strip out the underlying par-
ticularities. Optionality transcends the details in most cases. Where these



viii  Preface

particularities are essential, we will revert to a singular example taken from
a specific market.

Notations

P/L Profit and loss on a position

VorF Reserved for the value of a generic derivative security

K Strike price

S,orU, Underlying asset at time 0

H Outstrike (barrier strike)

Hyand H,  High and low outstrikes for a double barrier

r Interest rate for the numeraire (also r,)

r.ord Rates for the counter-currency or the dividend payout for
a stock

Y Zero-coupon yield period ¢

t Time between present until expiration (except in cases
where {, is the present, where it becomes t —- to)

o, Standard deviation of the natural log of the prices of the
asset i

Pij Correlation of the natural log of the prices between
assets i and j

EyS) Conditional expectation at times 0 of the price of the
asset at times ¢

Jargon

Many terms may be linguistically ambiguous for people from outside the
industry. Even option books written for practitioners do not seem to pick
up our vernacular.

The same designation delta is used for both the rate and the total equiv-
alent exposure (rate times face value). The same for gamma, vega, theta, and
other Greeks.

By “volatility” is always meant implied volatility, not historical. By “15
volatility” read 15% implied volatility for the instrument in annualized
terms.

By “underlying” is meant underlying asset, which is also called spot,
cash price (as opposed to forward or future).




































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































388 Trading and Hedging Exotic Options

A, called partial delta in B, represents the sensitivity of the structure to
changes in the price of asset B assuming that asset A moves according to its
correlation to B.

The gradient, V, also called the correlated delta, represents the sensitiv-
ity of the structure to the changes in the price of the assets A and B assum-
ing that A would move according to its correlation to B and B according to
its correlation to A.

Figure 22.6 shows two simulated runs for asset A. One varies A with-
out a corresponding correlated move in asset B while the other takes B
into account.

Asset A moving alone gives a different result than when the asset A
move is accompanied by a correlated one with B.

The real risk then needs to be seen in two deltas, A , and A, as well as in
the total deltas. It will be useful to compare the deltas of the total structure.

Table 22.1 shows the sensitivity of the option partial delta A to the asset
A alone (asset B remains frozen).

To measure the total, or uncorrelated delta, requires more involved ma-
trix analysis:

Total delta: VT 3 V
which can be computed for our two-asset position as:
g’a A
[A A ] [ A AB] l: Ajl
AT oap g | [ A

This leads to the notion of partial gamma.

Price

95 100 105 110
Asset A

Figure 22.6 Correlated and uncorrelated moves. -
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Table 22.1 Partial Delta

Asset A A,
95 .18
96 22
97 .27
98 .29
99 31
100 .37
101 42
102 45
103 46
104 bl
105 57

As each structure has four possible deltas, it will also have the following
gammas: Only the realistic correlated gammas will be examined:

GammaAA GammaAB
[GammaBA GammaBB

GammaAA = Changes in the A, stemming from the changes in A
(B moves according to its correlation)

GammaAB = Changes in the A , stemming from the changes in B
(A moves according to its correlation)

GammaBA = Changes in the A, stemming from the changes in A
(B moves according to its correlation). Both GammaAB and
GammaBA yield the same result. .

GammaBB = Changes in the A, stemming from the changes in B
(A moves according to its correlation)

Another option involving choice is the outperformance option.

M  An outperformance option (between two assets) is an option that entitles
the owner to buy or sell one asset against the other at a predetermined
rate. They are generally calls on the maximum, puts on a minimum.?

Outperformance options are a useful tool in the study of numeraire issues.
An interesting way to view them is with index allocation. A fund manager
who does not have a fixed allocation can assume that he has a theoretical
delta that is similar to that of such option. He would then use the delta vec-
tors and gamma matrices to continuously adjust his position.
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An outperformance option can easily be seen as a spread option once it
is specified:

Max(51, §2) = [S1 + Max{(0, S2 — 51)]

which means that an outperformance option is nothing but one asset plus a
spread between two of the assets. As to spread options, it is better to view
them from the vantage point of a basket by seeing that one of the assets has
a negative weight.

Perhaps the mother of all outperformance options is the option on the
bond future. It entitles the short future party to deliver the cheapest of the el-
igible bonds. As such it becomes an option on the minimum of several assets.

LINEAR COMBINATIONS

M An option on a linear combination of assets has the following specifi-

cations: Y
Option( > wis,.)

i=1
The category contains basket options, spread options, and any combination

one would dream of. In addition, Asian options can be included in it, as will
be seen. )

Example

. With n =2 and w, = w, = 1. The option will be a call, put, or other
(e.g., digital) on an underlying that is the sum of two assets.

* With n =2 and w, =1 w, = —1. The option will be a call, put, or
other on an underlying that is the spread between two assets. Such
option is generally called a Margrabe option.”

e With n = 500 and the w, variable. The underlying basket would be a
stock index, and so on.

Linear combinations between assets pose the problem of lognormality,
which does not occur with other structures. To illustrate, assume that as-
sets A and B are both lognormal:

A = Aexp(-Y2 g2 At + 0, VAL Z))
B, = Bexp(—Y2 g2 At + 0, VAt Z,)

with At the time until expiration of the structure, A, and B, the initial price
of the assets, 0, and o, the volatilities, Z, and Z, Wiener processes inde-
pendent identically distributed with unit variance and 0 mean.
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It is easy to see that the sum W = A + B cannot be put in a geometric
Brownian shape

W = Ajexp( —Y2 g? At + ¢ VAt Z,) + Bexp( —%2 0,2 At + g, VAt Z,)
nor would W = A — B whereas setting W = AB, results in
W = A Bexp( ~% (g2 + 6,2) At + (0,2, + o, Z,) VA,
or if setting W = A/B gets
W = A, /Bexp(—Y (57 — a)At + (6,2, — 0,Z,) VAL,

both of which are geometric Brownian.

Basket Options

Basket options are options on a weighted sum of two or more assets. They
typically have a strike price on the net weighted sum. Basket options are
omnipresent, since often many products are considered a basket of some
subcomponent,

These options will not receive much attention here, as they can be simply
analyzed as options on a product, the product being the underlying basket.
Two hitches—lognormality and the correlation between the underlying
assets—represent some singularities, however.

Lognormality

Problems in hedging basket options can be of some significance when deal-
ing with markets that exhibit a strong skew.

Many operators price basket options as if the underlying basket were a
commodity on its own following a stochastic process similar to that of other
commodities, with its volatility derived from its own time series. This, how-
ever, conflicts with the fact that an average (or any linear combinatiorny) of
assets with a lognormal distribution does not follow a lognormal distribu-
tion. So there is a conflict between saying that the SP100 components are
lognormal and that the SP100 as a commodity is. In such cases, operators re-
sort to assuming arbitrarily that the most traded of the basket or the com-
ponents is going to be the lognormal product.

This problem arises in swaps and Eurodollar options. It is well known
that a strip is a basket of Eurodollar contracts strung together and weighted
by some discounting factor. An option on a strip is therefore a basket op-
tion. Which one needs to be lognormal?

A mitigating factor with stock indices and fixed income products is that
when the correlation between the components is high the sum would come
closer to a lognormally distributed asset.
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The following example illustrates the problem.

Example: There are two uncorrelated assets A and B, with prices
S, and S, independently lognormally distributed with volatilities o,
and o

The basket rule indicates that the volatility of the basket S contain-
ing both assets A and B would be the weighted square root of the volatil-
ities minus correlation, in this case zero. Therefore

= w2262 2.,2G2
So = \wio 5+ wpopSy
with w, and w, the weights imparted to each (a more general formula
will be presented in the next section).

Figure 22.7 graphically displays why the process, the volatility of which
is known, is not lognormal.

Assume no drift and equal weights of .5, S, and S, both initially at 100
and 50% volatility. So the operator can expect the resulting sensitivity of a
position that is long a combination of the options of the assets and short the
basket (in ratio satisfying gamma neutrality): It looks like a risk reversal.
Figure 22.7 shows such position at a high volatility. A more acute version of
this problem will be discussed with Asian options.

Correlation Issues

The multiasset structure will be considered on n underlying securities. Ig-
noring the lognormality issue? the operator could consider the structure a
pseudovanilla option and price it by assuming its volatility is that of the
basket. To derive the correlation sensitivity, he would reprice the structure
at different levels of correlation. This is best approximated by multiplying
the vega by the effect of the correlation on the volatility.

Gamma
0.4
0.2
Basket
_4 2 5 Standard
Deviations
-0.

Figure 22.7 Gamma of a portfolio long asset options, short the basket options.
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Option Wizard: A Pseudovanilla

A pseudovanilla option is an option used for risk management purposes to test
some of the sensitivities of a more complex product.

The pseudovanilla for a basket is the option that trades at the net volatility
of the basket. It could only be used to test some of the sensitivities.

A pseudovanilla for a barrier is, as seen earlier, a risk reversal, provided one
only tested for the skew effect. It could also be (yes, indeed), a calendar spread,
provided one tested only for the sensitivity to the term structure of volatility.

Before gauging the effect of an increase in any of the volatilities over
the overall structure, the trader must get some formulas updated on a
spreadsheet.

Assume that a basket S is a sum using the individual weights w, of as-
sets X, through X , that is:

S=wX +twX,+...wX
Using o, the volatility of the basket and o, that of asset i, cov(i,j) the covari-
ance between assets i and j, p;; the correlation between assets i and asset j,
the operator has

2
O

. (Z wivar(X)X? +2 > w, w; cov(X, X)) X, Xj)
< <

5
S 1 1<]

which, since the correlation is the ratio of the covariances to the product of
the individual variances, is equivalent to

1 n n
- 2L 2 232
0= g ‘Zl wiotX: + Z‘Z' wiwjpiljoi(r].Xin
i= P<<j

It follows that the correlation vega (as we can call it) of the structure is:
T wwooX.X. 3

S o i it
Spi/j S2¢

Example (simplified): A l-year option on the average of USD-DEM and
USD-JPY, struck at 1.19 (for simplicity, divide yen by 100), which is at-
the-money presently. USD-DEM trades at 1.42 and USD-JPY at 100.
Rates are 5% for the USD, 5% for the DEM and 1% for the JPY. Note: To
compute the forward of a basket, linear weightings of the forwards can
be used. There are no complications (owing to the homogeneity of the
function) as:

S

Forward (Zw,S, t) = 3 w, Forward (S, t).
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Hence, the operator can ignore the forward (taking into account no
shadow gamma) and simply use spot for the volatility computation.
The 6-month volatilities of USD-DEM and USD-JPY are 11.85% and
11% respectively. Assume that the weights are each .5. The correlation
between the instruments is .60. Ignoring lognormality for now, the op-
tion on the basket can be priced as a vanilla with the volatility equal to:

(1.19 .5 + 1.42 .5) 71 (.52.112 1.19? + .52 .1185% 1.422
+2.5.5.6.11.1185 1.42 1.19)" = 10.28%

Should the correlation go to .5, the volatility of the basket would de-
crease to 9.96%. Should correlation go to —1, the effect would be to com-

press the option price.

Table 22.2 shows the simplified example, with the arbitrage aberrations
at the extremes of 0.9 and —0.9.

Table 22.2 Correlation Vega of a Basket Option

Correlation
Correlation Basket Price Vega

1.0 11.50% 4.58

09 - 11.21 447 0.11

0.8 10.91 4.35 0.11

0.7 10.60 4.23 0.12

0.6 10.29 4.10 012

0.5 9.96 3.97 0.13

0.4 9.63 3.84 0.13

0.3 9.28 3.70 0.13 .

0.2 8.91 3.55 0.14

0.1 8.54 3.40 0.15

0.0 8.14 3.24 0.15
—0.1 7.72 3.08 0.16
-0.2 7.28 2.90 0.17
-0.3 6.82 2.71 0.18
-0.4 6.31 2.51 0.20
-0.5 5.77 2.30 0.21
-0.6 5.16 2.05 0.24 )
-0.7 4.48 1.78 0.27
-0.8 3.67 1.46 0.32

-0.9 2.62 1.04 0.41
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Risk Management Rule: The Correlation Trap. A basket option
needs to trade below the level imparted by a correlation of 1 and
above the level imparted by a correlation of —1 where either of the
volatilities is independently (or partially independently) variable.
This is a simple extension of the contamination principle. It results
because a correlation becomes convex for the seller when it neigh-
bors 1 and for the buyer when it neighbors —1.

Another related option is a quanto option. This is an option where the
residual from the trade (i.e., the P/L) depends on a foreign rate that may
be correlated with it. This represents a weak correlation effect to take into
account.

ComMprOSITE UNDERLYING SECURITIES

M A composite underlying security is a security whose payoff is linked to
a formula related to the price of two or more securities. Typically, oper-
ators bundle in such categories options on assets that are combined in
such a way as to prevent uncorrelated delta neutrality.

Being tailor-made, these securities have no stable specifications. These se-
curities can be ratios or weighted combinations (linear or nonlinear). Linear
combinations have been addressed. The following case study examines an
indexed note (a combination involving a quotient).

Defining the categories is a generally difficult task so each one of them
must be tailor-priced, generally through numerical techniques. Complica-
tions can arise when a sum is involved: A ratio of two log-normal returns is
lognormal, but not the sum, which brings the operator back to the basket
problem. ‘

Often correlations are involved in such instruments. Operators need to
exercise great care, however, in finding the partial derivatives (partial delta,
partial gamma, etc.), as the correlation measures will show serious instability.

Without probing into the firms” motivations when they issue such in-
struments, this author would warn potential customers not to look at path-
dependent payoffs without a correcting lens as the final term sheets can
be seriously misleading when conditional on some path, as seen with the
French-Franc case study.

QuANTITATIVE CASE STUDY: INDEXED NOTES

This case study affords the reader a study of a composite underlying secu-
rity that can only be decomposed using a correlation analysis.
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Mathematical Note: This indexed note, in addition, illustrates a
classical problem of instruments that are presented in incomplete
markets and that need to be priced on a statistical (expected expi-
ration value), non-arbitrage basis.

In consequence, instantaneous volatility and correlation can no
longer be used, but rather term (expiration) volatility and correla-
tions. We also recommends the use of trader’s sense in describing
the discrete possible states as opposed to continuous-time finance.

Background

A friend of the author was told by some indexed notes salesperson that the
following note “embedded a currency option” making it more valuable in
the eyes of his firm. The friend, seasoned enough to discount salespeo-
ple’s opinions, especially on such matters as option valuation asked the
author to tie the note with the topics covered in the book. This examina-
tion will be limited to an intuitive approach; the attempt at pricing the
note aims only at the general qualitative sensitivity rather than at estab-
lishing the elusive fair value.

Terms of the Note

Mexico issued on December 5, 1995, a USD-denominated note paying the fol-
lowing (using the notation of the term sheet):

Face Value (in USD) X Max (CETES option or LIBOR option) on No-
vember 27, 1996.

e With LIBOR option = FV X (1 + USD LIBOR X Actual days/360)
known on the issue date with certainty. \

e LIBOR = 12 month USD LIBOR rate 2 days before the issue. Assume
. that the LIBOR option will be fixed at 1.056.

CETES option = FV MXN, MXN,/USD, -

* MXN, = MXN-USD (i.e., number of pesos per 1 U.S. dollar) 2 days
prior to the issuance of the note. Assume it to be fixed at 7.7.

* MXN, =1 + Max (CETES rate on expiration minus 2 days (annual-
ized actual/360) — .06, 0). The CETES rate is the Mexican govern-
ment note. The analysis ignores that the CETES rate will be
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compounded from the issue date, which causes some differences, up
to 30 basis points.

* USD, = Peso rate MXN-USD on expiration minus 2 days.

The term sheet explains that the government of the United States of
Mexico would be glad to accommodate the holder in local currency should it
run out of dollars. This can be interpreted as meaning that the owner is not
exempt from the well-known default, or convertibility risk: Governments
have gotten into the bad habit of making the transfer of money illegal when-
ever they face a shortage of foreign reserves. The note may thus end up pay-
ing back in nonconvertible pesos forcing the holder to brush up his Spanish
and elect some peaceful existence near a Mexican golf course.

Where Is the Underlying?

Using revised terminology, the note’s value (in dollars) will be:
exp (—rf) Max (7.7 (1 + ¢,) X 1/MXN-USD, 1.056) — {Default risk}
or roughly,
exp (—rt) Max (7.7 (1 + ét) X 1/MXN-USD - 1.056, 0) + 1 — {Default risk}

since the 1 + LIBOR at inception will be equal to the financing rate exp (r);
r is the continuously compounded rate used in these formulas; ¢ is the
CETES rate. Therefore it could be:

1 + Call on U with a strike price of 0 — {Default risk}.
With

U=77(1+c)X1/MXN-USD — 1.056
Y
Barring the default risk, this note seems to be a simple call on an underlying
security that we first need to define. The security is principally composed of
the product of the CETES and the currency (in American terms) or the divi-
sion of the CETES and the currency (in peso terms). Is this product a cur-
rency? Not very likely, unless one of the terms (the CETES rate) remains
frozen. Also the note would be a call on the CETES rate if the currency re-
mained frozen. Somehow, the cases where one would move and the other re-
main frozen are limited to spreadsheet exercises. Assume that both CETES
and the currency move in opposite directions when expressed in dollar terms
(the rates go up when the peso weakens) and in the same direction when the
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operator looks at the currency in peso terms (the rates 8o up when the dollar
rallies against the peso). So the underlying for the currency option will be
conditionally linked to the currency or the CETES.

The potential buyer could therefore start correcting the salesperson. He
should have said, “This note has an embedded option on an instrument that
I cannot quite define but that is related somewhat to a currency.”

Should such a product exist in the market, it would be easy for the
holder of the note to go delta-neutral against it, and apply all the great rules
of dynamic hedging. But the salesperson no doubt would show no intention
to make such a market. It is therefore necessary to study the structure as a
multiasset by design, as defined in Chapter 1. This is similar to a currency
option on a bizarre pair that the owner needs to hedge by triangular decom-
position only, therefore having to look at such matters as correlation.

As to the default risk, it could be best priced by considering it an Amer-
ican binary option on a percentage of the face value, itself correlated to the
currency rate.

Triangular Decomposition

Omit the 1 from the formula for a while. Look at the payoff at expiration
(Figure 22.8).

The figure shows that most of the payoff of the note corresponds to
areas Northeast, which corresponds to a higher CETES and a stronger Mex-
ican peso, something not very likely to occur in real life. It is unnecessary to
price it to see that such an area is not very likely: Operators generally ex-
pect high-yielding currencies to raise their rate when they weaken and

Figufe 22.8 Expiration payoff.
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lower it during the (rare) times of strength. The embedded currency option
only comes into play in such areas.

Furthermore the expected return from the Mexican peso is far to the
right of the inception rate, because the Mexican forward trades at a discount
(the dollar at a premium).

Assuming 1-year forward rates = CETES (a simplification as the
yield curve is being eliminated for pedagogical reasons)

Mu = interest rate differential. Assume it to be .225% (the differ-
ence between the United States and Mexican rate to use only the in-
formation available on the sheet).

Forward Mexico = Spot exp ( —Mu ¢) the equivalent of 9.64 peso to
the dollar. Additional pricing information will be relegated to the
technical note.

¢ The first conclusion is that, as the salesperson initially said, such
note has some form of “optionality” in it (in the absence of default
risk) because it pays nothing in most parts of the map and could pay
something somewhere. By the rule of stochastic dominance it needs
to be worth some premium.

¢ The next step is to evaluate the optionality by computing the proba-
bility of ending up on each spot on the map. Intuitively, the operator
has already established that the raised areas are quite unlikely.

Next, it.is necessary to estimate the probability environment at some
high correlation between the two elements MXN-USD and CETES. Figure
22.9 shows the probability of being on every spot of Figure 22.8 assuming a
75% correlation: .

* A warning. One needs to be careful about correlation. This map is
an expiration map and requires the use of longer term correlatjon.
Using daily correlations will include some noise that will be of
small significance with such an abnormal market as Mexico. An-
other way to look at it using the variance ratio method of analysis is
that there may be a bias linked to the frequency of sampling:
Shorter sampling periods would show a lower correlation measure.
Finally, up-correlation is usually different from down-correlation, a
point discussed in Chapter 15.

* Another warning. When deriving fair value for such a security,
one needs to be careful about the horizon. Assuming that the oper-
ator is with either a mean-reverting process or any process with
some heteroskedasticity, one needs to be warned against the risks
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Figure 22.9 Probability map with a 75% correlation.

of assuming that \/ZE, the square root of time notion works (i.e., the
variance is linearly proportional to the time horizon). Therefore one
cannot use the notion of daily measured volatility to price the final
payoff. See the discussion in Chapter 6.

The reader can mentally combine the two maps to examine the condi-
tional nature of the payoff. We do not need additional mathematics to see
that the area Northeast of the mountain will show increased country de-
fault risk, a risk that is not rewarded for, as if it would force the owner of
the note to retire in Mexico. There is indeed a tautological relationship be-
tween higher interest rates in a country, weaker currency, and increased
default risk.

An examination of the sensitivities shows:

* The note statically gains in value if either the CETES or the currency
gain in volatility. This can be visible on the map: the mountain in
Figure 22.10 would become thicker and cover more payoff areas.

* The note statically gains in value if the correlation weakens hetween
the two. It would also make the area of the mountain less diagonal
(see Figure 22.11).

If Mexico was defined as a biased asset, as in Chapter 15, the operator
would have expectations of a behavior that is conditional on market
regimes: Mexico would have a higher volatility in some panic conditions
that are linked to the position of the currency on some spots over the map.
The definition of biased asset also stated that the down-correlation is higher
than the up-correlation, a result of a negative-Poisson that affects both the
rates and the currency pair.® If the two are governed by a diffusion plus a
negative jump that affects both of them, it becomes conceivable that the
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Probability

Density CETES

MXN-USD
Figure 22.10 Higher CETES and currency volatilities.

currency and the rates exhibit some form of relative independence (diffu-
sion, hence lower correlation) outside of periods of panic (jumps, hence
high correlation).

The point to be stressed is that static examination of the Greek deriva-
tives bears no true benefit. This analysis therefore will skip the sensitivity
analysis. )

The conclusion is that correlation-dependent products, particularly
those in biased assets, are too difficult to listen to casual opinion.

Probability

Density CETES

MXN-USD

Figure 22,11 Lower correlation.
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Pricing note (advanced topic):® USD-MXN is the Mexican rate ex-
pressed using the dollar as the numeraire.

USD-MXN = USD-MXN, exp{(Mu — .5 0,2) t + Vi x 0,,}

with Mu = .225 the interest rate differential and USD-MXN, = 1/7.7. x is
a random variable normally distributed with unit variance and 0 mean.
o, is the volatility of the MXN-USD dollar pair (it is the same as that of the
USD-MXN).

The operator needs to study the process for MXN-USD not USD-MXN
as the numeraire is (so far) in USD. He has the expected rate period ¢

E(rate period t) = f USD-MXN, exp {Mu,, — 50,9 t + Vix ol p(x) dx
= USD-MXN, exp(Mu ¢)

p(x) is the centered normal density function. Remarkably if he chooses
MXN-USD as numeraire, he would have as process:

MXN-USD = MXN-USD, exp( — Mu -502) t + Vtxa,,

E,(rate period f) = [ MXN-USD, exp((Mug — .5 0,2) t + Vix o} p(x) dx

= MXN-USDexp{( — Mu + o,/ t}

So the expectations for USD-MXN are 9.645, while those of the MXN-USD
are at 35% volatility in the currency, at 10.90. This is another illustration of
the two-country paradox.

As to the CETES rate, the trader uses:

c,=cyexp{d — 5ot + Vit (px + V(1 = PAy) op)

with d as the drift of the CETES rate and p its correlation with the currency.
The fair value of the note would therefore be:

exp (<1 1) f f_ (Max (7.7 (1 + ¢) X 1/MXN-USD — 1.056, 0) + 1) p(x) p(y) dx dy

which can be computed using standard pricing techniques.



Chapter 23

Minor Exotics: Lookback and
Asian Options

A veteran trader-intellectual friend of the author, waxing philosophical after a few
sips of a remarkable Bordeaux, pointed at the bottle and uttered: “A trader with a
good mind, like good wine, improves with age. A bad trader rapidly turns into
vinegar.”

This chapter presents some options that, despite the plethora of research
publications on their subject, do not represent any meaningful trading nov-
elty on their own. They are called minor exotics as most of the information
has been included in the previous chapters on exotics.

LookBAck AND LADDER OPTIONS

B Lookback options are options that allow the owner to sell the high or
buy the low over a set period.

As such, they are called “floating strike.” There are other varieties of look-
back options, such as the fixed strike where the owner of the structure owns
an at-the-money option that will be exercised at the maximum over the pe-
riod. Such varieties will not be examined here. N

The major problem with lookback options is that they do not customar-
ily trade, owing to their high price. They are indeed very costly: as a rule of
thumb, approximately twice the premium of a conventional option.

Example: The structure presented in Figure 23.1 allowed the owner to
sell the high over the period. The high turned out to be 116.92. The
owner became the happy owner of a put struck at 116.92.

There are many ways to view lookback options for risk management.
Exotic option traders grounded in barrier options usually have no real dif-
ficulty understanding the skew exposures stemming from the product.
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Figure 23.1 Maximum of a sample path.

The principal risk is the gamma. It becomes easy to see that the option
has a gamma that is “one-sided,” as it requires action on one side of the
market and not the other. A lookback option that has reached a maximum,
say 117 (as in Figure 23.1), and dropped below such maximum, would not
really present any major gamma for the seller unless the market reaches a
new high. This is called a one-sided gamma exposure. Such a situation is
reminiscent of barrier options where the gamma changes in style beyond a
barrier. :

The Rollover Option

Lookback options can be viewed for risk management from two angles: the
roll-over replication on one hand and the limit decomposition on the other.
The original pricing by Goldman, Sosin, and Gatto' was inspired by the fol-
lowing replicating strategy.

Assume that the dealer sells a lookback call to the customer; that is, the
right to buy the low over the next year. The dealer would initially buy a one-
year at-the-money call. Should the market rally immediately, the‘trader
would be relieved as the risk would no longer require dynamic hedging. The
markets, however, have a bad tendency of swinging a little. To guarantee
owning a call struck at the low, the dealer would have to roll his option po-
sition into a lower strike call every time the market dropped. Such a roll in-
cludes a cash expenditure. The additional cost could be easily calculated
with the aid of a stochastic integral. The lookback option would then be the
sum of the two components:

1. The original option.
2. The costs of the call spread “roll-down.”
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The stochastic integration (in present value) of the cost function corre-
sponds to the markup over an at-the-money option. Such an option is
known as a “strike bonus.”

Using this framework to analyze lookbacks can provide the operator
with the intuition of the real problem with their trading: the skew. A look-
back call will be more valuable with a downside skew (when lower strikes
are more expensive) because its maximum gamma will always be posi-
tioned at the lowest price the market reached over the lifetime of the option.
Likewise, a lookback put in such a skew environment would be less valuable
because its gamma would be located at upper levels. The reader should
know by now that in down-skewed markets the upside is not where the
gamma should be located.

Risk Management Rule: The lookback option has a third moment
exposure that is not possible to hedge with vanilla options.

The reason for the rule is that the gamma of the lookback would always
be maximum at the recorded extreme during its lifetime. A vanilla option
that would initially match the gamma risk would rapidly move away from the
money in a continuous sell-off while the lookback would retain its gamma.

One consolation, however, is that the lookback gamma remains one-
sided. The operator would not be whipped beth ways. Figure 23.2 shows the
exact issue: The gamma of the option follows a bell-shaped curve around
the strike while that of the lookback looks like a cliff with a flat top.

Before looking at the second method of pricing the lookback for hedging
purposes, the reader should examine some form of combination involving
them.

B Ladder options are lookback options giving the owner the right to sell

the high or buy the low at some set discrete increments. They are also

called discrete lookbacks.
bl

Lookback Gamma

Gamma ¢

Vanilla Gamma)

Figure 23.2 Lookback gamma.
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Example: The same lookback as before allows the owner to sell the
high but in $5 increments. It can sell 105, 110, 115, 120, and so forth. The
high was 116.90 but the owner of the structure was able to sell at 115,
which is not disastrous.

Figure 23.3 shows that the ladder resembles a lookback that is “rounded”
in price. They will come cheaper because their payoff is capped at that of
he lookback. In the previous example, the ladder paid off $1.90 less than the
lookback.

Mathematicians know that applied problems can be approached from
several different disciplines to yield identical results: The same applies to
option valuation. The ladder option can be viewed as a lookback when the
strike bonus part is only calculated off a set price increment. It can also be
seen a strip of knock-in options.

Assume that the option gives the right to sell the asset at the best high
rounded to the lowest 5 points, say 100, 105, 110, 115, and so on for the next
year. Also assume an asset price of 100. Such option can be decomposed into
the following, using the notation Kl(strike, trigger):

Long 1 KI(100,100) (that would be knocked in immediately)
Short 1 KI(100,105)
Long 1 KI(105,105)
Short —1 Ki(105,110)
Long 1 KI(110,110)
Short 1 KI(110,115)
Long  1KI(115,115)
Short 1 KI(115,120)
Long 1 KI(120,120)

Price
115

A

Time

Figure 23.3 Ladder levels.
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and so forth until the difference between the KI(S,S) and the KI(5,S + 5)
vanishes to a small number.

Now the skew: The reader can calculate the skew for knock-in options
using the method in Chapter 19, thus building a more accurate model for
both ladders and the general lookback.

The lookback option can be viewed as a limiting case of such decompo-
sition as the difference between strikes becomes very narrow. The general
formula is:

Laddermax = limit e—»0 Sum(KIP(S,S,) — KIP(S,S,; + €))
from i = 1 to infinity, with € as increment.

The ladder minimum is the same mirror constructed with knock-in
calls. Skew-minded traders will not fail to improve on the formula by using
a volatility function, that is related to the strike price of the barrier. Typi-
cally, this will raise the price of the lookback considerably.

Figure 23.4 shows how the price of a strip of knock-in options will con-
verge away from that of a lookback as the trader increases the size of the dif-
ference between the legs of the knock-in. The graph depicts an at-the-money,
one-year option with no drift and 10% volatility. At the extreme left, is the
price of a lookback, close to twice the price of a vanilla. At the extreme right
is the value of a vanilla.

In addition to the skew, the product shows the “driftwood” effect as
traders tend to call it, which is the same chronic problem as that incurred
with barrier options. This is the concentration of strikes right below the re-
cent lows and above the recent highs. It results in considerable bad gamma,
which is the gamma the operator will start incurring as the cost of covering
it turns onerous.

Finally, it is worthy mentioning another application of the omnipresent
Arcsine law of the random walk that was used for the distribution of the
profits or loss of an individual trader in Chapter 3 (see Figure 23.5). The dis-
tribution of the extrema of any Brownian motion will be such that it will be

maximal very early on or very late in the game.
»

Strip 7.

AL A < T S B B )|

Increment

10 20 30 40 50

Figure 23.4 Convergence of a KI strip to a vanilla.
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Frequency

o

Figure 23.5 ArcSine law.

Time

Why?

Starting in the middle of the period makes the concept easier to grasp.
Assume that the option has six months to expiration and that the market
just made new lows. The probability of the new low of being the low of the
next six months is very weak as the market has a high probability of moving
down further. It is as if the trader were standing with an entirely new look-
back option in front of him.

Look at the beginning of the period: The possibility of the market hav-
ing reached one of its extremes is very high as any trend will build up on
the other side. If one throws dice and make three winnings, the cumulative
P/L is three. The trend is such that the probability of the lows (here 0) being
close to the origin is highest. )

A FOOTNOTE ON BASKET OPTIONS: ASIAN OPTIONS

Asian options are commonly entrusted to junior traders owing to the regu-
larity of their risks and the ease of their management.

B Asian options refer to options on averages.? Their payoff depends on a

weighted combination of events through a certain period. .
Asian options include the average floating strike where, as with the lookback,
the owner becomes entitled to a strike price through time, and the fixed
strike, an option that has a known strike and that settles at the weighted av-
erage during a certain time window. There are several types of averages:
Geometric and arithmetic are the most common. The usual Brownian mo-
tion is, this time discretized in equal intervals of one step for the sake of
simplicity (and no drift):

S,=S, ,exp(—Y%20% + oVtz)

t
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where o is the volatility, ¢ the time until expiration, and z a centered normal
variate.

¢ Geometric average:
n /P
(11 57)
i=1

with the w, such that their product is equal to p. The author has never
seen any trade but it is necessary to analyze it to view the difference
between it and the arithmetic one, as the geometric average is more
natural in the financial markets.

¢ Arithmetic average:

1 n
— w; S,
n ;<4

I

with the w. such that their sum equals 7.

As with the exercise of Chapter 22, the following will help the reader
understand some of their pricing difficulty.
Assume an average of four days. One would have the following process:

Geometric

average ~ (S, S, exp(—Y21/365 62 + a(1/365) 2,) Syexp(—Y2 2/365 o2

+0v(1/365)(z, + z,)) Syexp(=Y2 3/365 o2
+ av(1/365)(z, + 2, + z,))
=S, exp( —¥2 6/365 0% + \(1/365)(3 2, + 2z, + z,))"

The process takes an exponential shape and can easily yield some
closed form results using simple Black-Scholes-Merton.

The arithmetic average, however, will be more illuminating. Look at the
process for the same four days:

Arithmetic

=1 —1 2 /
average /4(S, + S, exp(—"21/365 o + 01(1/365)z,)

+ S, exp(—%22/365 0% + 0\(1/365)(z, + z,))
+ S, exp(—Y 3/365 a? + 0\(1/365)(z, + 2, + 2,)))

exactly as if the user were looking at a linear combination of options on in-
dependent assets of the same volatility (it is known that z,,z,, . . . z_ are in-
dependent). There is little lognormality to it as the process cannot be
summarized in the form S, = S, exp(something). In other words, one cannot
obtain dS/S a normally distributed variable.
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This complication has caused some ink to flow. As a trader, the author
was rapidly put to sleep by Asians. As an amateur probabilist, he discov-
ered the process to be quizzical.®

The remaining of the chapter will focus on the few points that matter
for hedging. The pricing methods currently in place attempt to fudge the
process of the average w,S, by finding some form that can track the bias be-
tween the lognormal distribution and that of the averages.

The reader will be happy to learn that such bias is the skew. Most fudg-
ing methods attempt to replicate the distribution by detecting its moments
and coming up with a lognormal distribution function that satisfies such
moments. Still most traders are satisfied and resort to the more entertain-
ing Monte Carlo engines as will be seen.

By comparing the distribution of the average to that of the underlying
itself, it is possible to see that the ratio of the second moments of the distri-
butions is close to 1/V/3. So the instantaneous local variance can be miti-
gated with a ratio hedge of equal amounts:

e The trader buys an Asian option and sells a corresponding vanilla in
proper gamma neutral ratios of approximately 1.73 to 1. Figure 23.6
compares each position independently.

¢ Figure 23.7 shows the spread between them, as expected, short the
skew.

A helpful way to understand the effect is through the notion of com-
pounding. A sum of exponentials does not compound in the same way as
an exponential of a sum. A sum of exponentials, say exp(n) + exp(m), that
are equal to another exp(a + b) will not track the growth when they
are all multiplied by 2. The result is exp(2n) + exp(2m) compared to

European®

P/L

0
(= =]

10t
107
110
113
116
119

Asset Price

Figure 23.6 Asian and European option (locally delta-neutral gamma-neutral
ratio).
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Figure 23.7 Hedging the Asian option with the European.

exp(2(a + b)). The reader can try it as an exercise to see one of the convex
qualities of the exponential.

When pricing an Asian option, the reader is recommended to use for-
ward volatility and interest rates (i.e., the entire curve) as every bucket mat-
ters. It is also recommended to use a Monte Carlo whenever volatility rises
above 30%. In most other cases, a pricing model based on the usual approx-
imations would do. More precision in the approximation is minuscule com-
pared with the precision lost in the use of the homoskedastic model.

A few final points: :

* Bucketing. Asian options require a schedule of bucket vegas and a
distribution of forwards. Strangely, the middle point for forward
hedges resembles visually that of the stopping time.

* A Catch. An arithmetic average is not invertible, by Jensen’s inequal-
ity. An average on USD-DEM is not equal to 1/average on DEM-USD.




PART IV
MODULES




Module A

Brownian Motion on a
Spreadsheet, a Tutorial

This module provides an introduction to the random walk.

B A random walk for security prices means that a share of the price
changes of the security over a given period of time is random. The share
of the price change that is not expected to be random is called the drift.

Financial instruments, for reasons of efficiency, are assumed to follow a
random process that we will let the reader create on a spreadsheet.

Brownian motion = Random walk + Drift

These exercises will focus on the random component. The drift will be
covered in Module B.

THE CrLAssICAL ONE-ASSET RANDOM WALK

Think of a drunk man on Madison Avenue. Dead drunk, he will have
no memory as to where he was last. He can only move forward and will
keep moving at the same pace. Each one of his steps will be exactly one for-
ward + left or one forward + right, as shown in Figure A.1.

After 10 steps, the following combinations are possible: 10 forward + 10"
left on one extreme and 10 forward + 10 right on the other extreme, with all
the combinations in between.

VA
A A

Figure A.1 Random walk.

415
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Securities markets are assumed to follow a similar walk, with one hitch:
The size of the steps increases in function of the asset’s price. Creating a
random walk on an Excel™ spreadsheet will provide a good illustration of
the concept:’

Open a new spreadsheet

Tools — Data analysis — Random number generation
Number of variables = 1

Number of random numbers = 248

Distribution = Normal

Mean = 0

Standard deviation = 1

Output range = B4

- OK

Excel will generate 248 random numbers. The average will be close to 0.
These numbers are then called normally distributed with a mean of 0 and a
standard deviation of 1.

Put the number 100 in cell A3. This will be the initial asset price. Next,
put the volatility of the asset (say .157) in cell A2. This means that the an-
nual standard deviation is V248 = 15.7% (a daily equivalent of 1% on a 248-
day year). In cell A4, put the following formula:

A3 X EXP(—.5.$A%2" 2 X (1/248) + $A$2 X (1/15.7) X B4)
and copy it down to A251. This would be the path of daily returns:

S, =S, _, XExp(—1/202t+0_X\/E><W,)

t t

Equating the cells to the preceding formula is accomplished as follows:

S, = A4 ;
o1 = A3
t=1/248
V't = SQRT (1/248) since every line is one day, so V't = SQRT(1/15.7)

W, is the random number with mean 0 and average positive 1 and negative —1.

S

Next select (A3:A251) and graph it. Figure A.2 will result.

Repeating the random number generation to get a fresh series of “white
noise” numbers causes new paths to form on the screen.

Increasing the volatility magnifies the movement.
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Brownian Motion
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Figure A.2 Geometric Brownian motion.

SoME QUESTIONS

Question 1 (a question that is invariably asked): How does one go
from the drunk man with equal size steps to the unequal steps W,? (W,
can be any number between minus infinity and infinity, and take on a
wide array of values like .56, 1.03.)

The answer lies at the core of probability laws and involves breaking
up time in infinitely small fractions of %o of a second where such move-
ment takes place in digital form +1 and ~1.

The sum of the moves after 1 second (composed of 10 moves) will
average 0 but will be spread between —10 and +10. Assuming the +1
and —1 came from a “fair” random number generator, the resulting his-
togram of the 1-second moves will present a clearly defined bell shape.
The reader can try that in a spreadsheet by creating a tree, with up-
branch +1 and down-branch —1. There will bé 1024 combinations
called sample paths leading to 11 possible outcomes. After 10 steps, the
outcome can only be an even number of steps. The final proportions are
shown in Table A.1 and plotted in Figure A.3. >

This represents a heuristic derivation of the central limit theorem
(in its simplest form: DeMoire-Laplace). The sum of a +1, —1 series of
random steps approaches the bell-shaped distribution shown in Figure
A.3 when one increases the number of observations. An apparent con-
straint is that the steps need to be the same size at all times. The law is
simpler to understand in that context, except that it is perhaps the most
misinterpreted law in the history of mathematics.

Question 2 Why is the standard deviation the square root of time?
In the preceding scenario, it was assumed that every step for the +1,
—1 distribution is a unit of time. The standard deviation is the square
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Table A.1 Number of Paths

Total Number of
Down Move Occurrences

10 1
10
45

120
210
252
210
120
45
10

1

c
o]
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root of the sum of the square of the moves. Here the moves all square up
to ( —1)? and (1)%, which equals 1. In addition the mean E(W) = 0

n Wl_—2
Hence o =\/Z —(—’——MD—

n W2
V2

and since all the W2 = 1, and ¢, the time equals 1, 0 = V't

Therefore the standard deviation of the binary +1, —1 is equal to the
square root of the number of steps. It is apparent that the standard
deviation in this exercise would equal to V10 = 3.16. Roughly two-
thirds of the paths lie between +3.16 and —3.16.

Outcome of Ten Steps

1024 Sample Paths
300 -+

200 T

|
{

Number of Paths

©C ¢ o o
— v

QOutcome

Figure A.3 (Almost) bell shaped.
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Option Wizard: The Diffusion

The random walk on a spreadsheet illustrates a diffusion process.

The principal property of a diffusion is that, no matter how small time is
sliced, the function remains jagged. It will always look geometrically like the
following sample path:

The same sample path with more frequent observations would fook like
this:

Slicing time in even smaller increments would not make the picture any
“rounder” in any of its segments. Although it is continuous, it is nowhere dif-
ferentiable and does not become so any time. A fashionable term to describe
such jaggedness is the “fractal” structure. Students taking college calculus
learn, through Taylor methods, that any function in a very narrow segment
could be expanded into a polynomial involving its derivatives.

fix+Ax) =)+ (x) Ax + 2 7 (x)(Ax)?2 + ...+ 1/n " (x)(Ax)"

They also learn that, for a function S of time t, when the partitions become
very small, (AS)? — 0 when t — 0. One of the fundamental rules of stochastic
calculus is that no matter how small time is sliced, AS? does not vanish owing
to the random element in it. As a matter of fact AS?* — o2 At.

For an option trader, such intuition is important: If there is a possible
smoothness on the curve of the underlying, then the manufacturing costs of
the option through gamma rebalancing would be lowered provided the opera-
tor picked a frequency of hedges that matched such increment. Black-Scholes-
Merton does not allow for such: Even if the trader rebalanced every billionth of
the second, the cost of the option would not go down.
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A Two-Asser RaNDOM WALK: AN INTRODUCTION
TO THE EFFECTS OF CORRELATION

As the single-asset random walk has been used in connection with the
drunk man, think of a drunk bird in space. Its location at any time will be
determined by the elevation and position on the map (north-south and east-
west). So the location of the bird requires three pieces of information. It is
therefore considered in three dimensions.

The two-asset random walk can easily be simulated on the computer,
and it does not require very complex matrix algebra. The hitch is that three
parameters must be estimated: volatility of asset A, volatility of asset B, cor-
relation between the assets.

Note. The reader can ignore matrix algebra for now and take the results

for granted.

As in the example before, the reader can simulate the same Brownian
motion.

The example can be done on a similar spreadsheet as before but with
cells defined as names for ease of computation.

There are two assets A and B:

Go to Excel™

Open a new spreadsheet

Tools — Data analysis — Random number generation
Number of variables = 2

Number of random numbers = 252

Distribution = Normal

Mean = 0

Standard deviation = 1

Output range = B4

— OK

Yy

As in the previous example, there are two series of independent random
numbers. The first asset A will be independent. The second will need to be
bridged to the first by the corresponding correlation:

Cell Al:Type Voll  Cell Bl type 1 — Insert — Name — Define. Name Voll
Cell A2: Type Vol2 Cell B2 type 1 — Insert — Name — Define. Name Vol2
Cell A3: Type Correl Cell B3 type 0 — Insert - Name — Define. Name Correl

Thus the cells are named. Vol1 is 100 times the daily volatxhty Assume
for the example that it was 1% and enter 1.
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Next create the covariance matrix. It is necessary to create a 2 by 2 ma-
trix with the following:
Cell C1: type Cov Matrix
Cell C2: type = Vol1"2
Cell D2: type = Correl X Voll X Vol2
Cell C3: type = Correl X Vol2 X VoIl
Cell D3: type = Vol2/2
Next, a special matrix called Cholesky is needed to decompose the pre-
vious matrix.> Familiarity with such decomposition is not essential (see
Table A.2).
Cell E1: type Cholesky
Cell E2: type = SQRT(C2)
Cell E3: type = C3/E2 Cell F3: type = SQRT(D3 — E3/2)

Next, give names to the Cholesky matrix:

Name E2 a_.11
Name E3 a_12
Name F3 a_22
Next, start looking at pairs of returns.
Then, to generate logarithmic returns for the securities that agree with
the correlation matrix. :
Cell C7: type RET A
Cell D7: type RET B
Cell C8: type A8 X a_11 copy down to cell C 261
Cell D8: type a_12 X A8 + a_22 X B8 copy down to cell D261

Table A.2 The Spreadsheet

Cells A B C D E F
1 Voll 1 Cov Matrix Cholesky
2 Vol2 1 1 0 1
3 Correl 0 0 1 0 1
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Correlation =0

Figure A.4 Daily moves for a two-asset random walk.

Now there are streams of paired returns. Since a22 = 0, returns B are
completely independent from returns A.

Figure A.4 shows a graph of the pairs: The returns are plotted for
columns C8:C261 and D8:D261.

A circle is apparent with the density of the points very high in the cen-
ter and diminishing away from it. Just as traders look at the market for a
distribution of one asset as a bell-shaped curve, they need to look at that of
a pair of assets in concentric circles. The transformation is shown in Figure
A.5 and in Figure A.6.

Next, change the correlations and examine the resulting returns.

Figure A.7 shows that the curves compress toward the center forming
one line as the correlation increases toward one. As the correlation tends to-
ward negative one, again only one line is forming; the returns will be equal
but with opposite signs.

Figure A.8 allows the reader to compare the example with correlations
in the real world.

Between 2 and 3
Standard Deviations

\*

A

Between 0 and |

Figure A.5 Standard deviation of returns for two assets.
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Figure A.6 In three dimensions.

[}
(=]

5 Year
Benchmark

10 Year Benchmark

Figure A.8" A high correlation: The 5- and 10-year U.S. bonds; percentage change
in bonds (prices: 3/94-5/95).
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Two Asset Brownian Motion
Correlation = 1

4-00
@0

3.00 t
2.00 +
1.00 |
0.0 j,\i“' b ¥

00000 2.00 4.0
-2.00 +
-3.00 -

-4J00

4-00
o

Figure A.9 Increasing the correlation.

Figure A.9 shows the results of a correlation of 1.

To add a third security, the process is the same. The relation of the third
return to the first two will be similar to that of the second return to the
first.

EXTENSION: A THREE-ASSET RANDOM WALK

As the returns of two assets can be represented, the end arrival of the combi-
nation of three uncorrelated assets can be viewed as a sphere (Figure A.10). A

Asset 3

Figure A.10 One standard deviation for the returns of three uncorrelated assets. -




Brownian Motion on a Spreadsheet, a Tutorial 425

Asset 3

Figure A.11 One standard deviation for the returns of three assets, with one
degenerate.

0.5

Asset 2

Asset 3

Asset ] . 1

]
Figure A.12 One standard deviation when the other two of the three assets are
100% correlated.

small sphere for 1 standard deviation, a second one for 2, and so on, would re-
place the concentric circles.

When one of the assets has no volatility (and is said to be “degenerate”)
it reduces to a two-asset world (Figure A.11).

When two of the assets are perfectly correlated (100%), the result is a
two-asset environment (Figure A.12).

When the three assets are perfectly correlated, the result is a line.




Module B

Risk Neutrality Explained

The risk-neutral argument of financial theory is explored in this module. It
is essential for the understanding any arbitrage pricing of a contingent
claim. The reader needs to get a notion of it to comprehend that all proba-
bilities used in the text will be “tricked” into their risk-neutral equivalent.

STEP 1. PROBABILISTIC FAIRNESS, THE
“FAIR DICE” AND THE SKEW

In this example, start by assuming an economy without rates.

The expected payoff of the security.is each final price times its proba-
bility. In the example shown in Figure B.1, it will be 101.01. X .499 + 98.99
X .501 = 100 minus the initial price, which sums up to 0. The security is
therefore priced at a level where, based on information about possible
events and their probability, it constitutes a fair game for a trader.

On a binomial tree, the following equality would occur.!

p = probability of moving up

g = (1 ~ p) = probability of moving down
S,(t + 1) = " S(t) the up-price period ¢ + 1 s
S,(t + 1) = ¢? S(t) the down-price

No Skew, No Interest Rates
Initial Price Move Final Price Probability
exp(0.01) —— 101.01  49.9%

100 <
exp(-0.01)————+ 9899 50.1%
Expected Payoff = 0.00 100.00

Figure B.1 No skew, no interest rates.

426
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Skew, No Interest Rates
Initial Price Move Final Price Probability

/ exp(0.05)———105.13 16.5%
100

\exp(-0.0l jm———> 9899 835%

Expected Payoff = 0.00 100.00

Figure B.2 Skew, no interest rates.

In the absence of all rates (to be introduced later), the user has:
St+1)=pS,+(1—p)S,=S5(t)
hence

pe’S(t) + (1 —p)e’ S(t) = 5(t)
soipet+(1—p)e’=1

being satisfied at all times in the economy. This, in a nutshell, is called the
probability fairness or “no free lunch.”

It has been simplified to allow for discrete steps between prices in the
market.

What if there was a skew? Assume that the market can move up by a u
considerable larger than v. To make it probability neutral, the larger size of
the up-steps needs to be compensated with a reduced probability of the
event.

In Figure B.2, each outcome is multiplied by its probability: 105.13 X
165 = 98.99 X .835 = 100.

STEP 2. ADDING THE REAL WORLD:
THE Risk-NEUTRAL ARGUMENT

The Drift

Assume the asset that the operator is concerned with commanded a rate of
return p in the economy. It would then be necessary to assume that the ex-
pected return from holding the stock would be p multiplied by the time
horizon, p At, the “drift” return. What if the rate p. was different from the
risk-free rate in the economy because it includes a premium for “some-
thing” that could be called risk?

The answer lies in the Black-Scholes-Merton breakthrough. There could
not have been an option-pricing formula without the following argument:
Arbitrage derivation of security prices means replication. Option replication
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eliminates the delta and the exposure to the asset change of direction (i.e.,
the return) and would let the operator only concern himself with the
volatility of the asset not its required rate of return, nor the operator’s risk
preference. Black-Scholes-Merton constituted a self-financing (cash-flow
neutral) delta-neutral portfolio that would attempt to replicate the option
through continuous rebalancing (the buying and selling of the underlying
asset against buying or selling a risk-free bond with the residual cash thus
obtained). The value of the option would then correspond to the replication
costs of the portfolio, themselves depending on the volatility of the asset
and the risk-free rate in the economy. Module G includes a demonstration
of the Black-Scholes-Merton magic trick.

This leads to the following result: For arbitrage trading and option val-
uation, the drift of the underlying non-interest-paying asset needs to be re-
placed by the risk-neutral rate in the economy.

On this tree, one needs to earn the “risk-free” rate of .11 for the period.
There are many ways finance academia has adjusted for it. The first would
be to increase the difference between up-steps and down-steps. The second,
for reasons that will appear handy with the pricing of barrier options, con-
sists in changing the probability of every move (while satisfying that the
sum remains 100%). Figure B.3 shows the risky asset returns.

The operator tricks the distribution by fictitiously changing the proba-
bilities to make believe (for derivative security valuation purposes only)
that the expected payoff is that of a riskless asset. This is called a change of
probability measure. Figure B.4 shows the result. :

Say that r is the risk-free in the economy and that the asset concerned
has an expected future payoff of .

Risky Asset Payoff
Initial Price Move Final Price Probability
exp(0.014——— 10141 50%
/

100
\exp(-0.0l ) — 9899 509

Expected Future Payoff = 0.20 100.20

Figure B.3 Prechange of measure—risky asset payoff.

Risk Neutral Payoff
Initial Price Move Final Price p*
/ exp(0.014— 10141 46.47%

100
\exp(-0.0l)——> 9899 53.53%

Expected Future Risk Neutral Payoff = 0.11 100.31

Figure B.4 Postchange of measure—risk-neutral payoff.
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The operator defines the up-and-down prices:

S.(t + Af) = S(t) e*
S,(t + Af) = S(t) e

with the following restriction:
pS,(t+ Aty + (1 —p)S,(t+ At) = 5(t) e™
So at the note t + At, the trader has
pet + (1 —p)ed =e*

He creates a new probability measure p*, which should satisfy the fictitious
replication values at the same period:

px-eu + (1 _ P*) ed = ¢’

Option Wizard: Why Traders Know the Risk-Neutral Argument

The risk-neutral argument is easier for traders to understand once they consider
the simpler put-call parity rules. Assume that the asset is expected to grow at
23%. The asset, however, can be “rolled” (sold and bought back to avoid de-
livery) every day at 11% annualized, the differential between the financing and
its carry, which makes its forward price one day hence lower by the annualized
11%. If the call traded at premium to the “roll” (hence the put at a discount to
the “roll”), then the operator can sell the call, buy the put and own the asset
that would cost him only 11% per day (annualized). Hence all puts and calls
need to be priced at the “roli,” the net of the risk-free rates.

Another way to view it is to see that the forward for an asset is risk ngutral
(cash and carry makes it trade at the risk-free rate minus its yield). Given that
neutrality, the puts and calls need to synthetically replicate the forward owing
to the equality for European options:

Call — Put = Forward

“Bullishness” would normally raise the value of the call. But arbitrage
would also raise the value of the put, to satisfy the equality, which is a paradox:
Bearishness would also raise the value of the put. Hence one’s preferences
should not affect the option’s fair value.
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This gives a hint of the technique of changing the probability measure
to satisfy some purpose. This method, based on the Girsanov theorem?, will
present more applications in option pricing.

An option theory generalization is that the risk-neutral drift used for a
pair is the difference between the two risk-neutral drifts. For a dividend-
paying stock, it becomes the differential of carry (dividend minus the risk-
free rate), for a bond it becomes the difference between its carry and the
financing rate, and so forth.

Risk Management Rule: A dynamic hedger should use risk-neutral
probabilities at all times.




Module C

Numeraire Relativity and the
Two-Country Paradox

M A base currency for an operator, also called a numeraire, is one in
which his final P/L is expressed. A countercurrency is the one that cor-
responds to the number of units traded.

A numeraire could also be any possible unit. An operator can have his nu-
meraire defined as a stock index or a bond fund, as many unwittingly do.

The numeraire problem! is well known to option traders with experi-
ence in the currencies. Unlike other contracts where the trading is exclu-
sively done in units per dollar (or, if the contract is traded in France, in units
per French franc), trading in currencies is done in pairs where the unit
could be either of the two currencies. The relativity is of the utmost impor-
tance as the hedging amounts will depend on the base currency.

The notion is counterintuitive because in most people’s minds a currency
pair is invertible. A JPY against the USD is the inverse of the USD against the
JPY. However, although the equality will apply to the price, it will not apply
to the profits and losses since the P/L will be caused by currencies diverging
and that such divergence will cause a change in the yardstick.

As will be seen a put on a currency is a call on the countercurrency. Like-
wise, a call on a SP500 can be viewed as a put on cash. The governing notion
that a stock market can only go to zero as expressed in dollar terms can be
stood on its head: Cash can go to infinite. For a SP500-based person, a call on
the index (put on cash) can have a limited potential, while the put-on the
index (call on cash) can have an unlimited upside. This notion is largely ig-
nored by fund managers, to the detriment of their hedging precision.

As is the convention, the currencies in this module are expressed in
pairs, with the first currency the countercurrency and the second one the
base currency.

The following symbols are used in the book (and the market):

USD is the U.S. dollar.
DEM is the German mark.
GBP is the British pound (the “G” stands for Great).
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ITL is the Italian lira.
FRF is the French franc.
SP500 is the SP500 index.

USD-DEM will therefore be the DEM units expressed in marks per dollar
(called the European convention). DEM-USD will be the dollars per mark
(American convention). GBP-USD is the number of dollars one pound can
buy. GBP-DEM is the number of German marks per pound sterling.

SP500 will be the SP500 expressed in USD (as implied). SP500-GBP is
the GBP-denominated SP500. However a GBP-SP500 will be the units of
pounds expressed in units of SP500.

Following is an example outlining the importance of the choice of
numeraire.

Example: Assume the operator is trading USD-DEM (as is the con-
vention in the over-the-counter market, since worldwide USD-DEM is
quoted in dollar, not currency, face value). He buys 10 million of US
dollars at 1.40 DEM per USD. The market rallies to 1.50 and he sells $10
million. He will have the pleasant profits of DEM 1,000,000. For a
dollar-based entity, these profits need to be hedged, whereas for
a German company there is no risk since its profits were in its base
currency.

A counterexample: If the tradet is dollar-based, he would trade in-
stead 14 million DEM at the inverse rate (DEM-USD), 1/1.40 = .7142.
Should the market drop to .6666, he would sell back 14 million DEM for
a profit of $666,400.

However, the contract is defined in USD-DEM, and the over-the-
counter unit for the currency is in dollars. So mentally, the trader would
go to the market and quote amounts that are ¢onstant foreign currency.
In the preceding example, the trader would have had to trade $10 mil-
lion and then exit by trading the dollar amount that represents a con-
stant 14 million DEM, namely $9,333,333.

Y

Risk Management Rule: A position in a numeraire is considered
neutral. A residual long the numeraire will be positive P/L, a resid-
ual short the numeraire will be negative P/L. By residual is meant a
position that arose from a trade.

Conversely, the hedger considers any position in a unit that is not a nu-
meraire to be an “open” position, long or short.

A DEM balance for a German is considered square, while the U.S.-based
person needs to have his residual balance in USD. A person from a country
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with hyperinflation might think of anything not denominated in hard assets
as an open position.

ExTENSION: THE TWO-COUNTRY PARADOX

Two traders (one German and one American) were discussing dollar-mark
(USD-DEM). The dollar was trading then at 1.42 and volatility was high. In-
terest rates were equal so the forward traded at “flat” with the cash, namely
1.42. Both had a view on the other’s currency being weaker. Both were some-
how right.

Consider the following (the reader should examine the description of
the Brownian motion that asset prices are assumed to follow): Assume that
assets follow the log normal distribution with expected volatility 20% per
annum.

The risk neutrality forces the operator to have the expected price at any
time in the future, given the spot, equal to the spot. This leads to:

Price period t = up-price period (f + 1) X probability of going up
+ down-price period (t + 1) X probability of going down.

Or:
SHy=S, t+D)p+S,t+1)(1—p)

with § the up-price, S, the down-price, p the probability of going up, 1 — p
that of going down since the sum of both should be equal to 1.
The operator has as the process followed by spot (as explained in Mod-
ule G):
S, (t+ 1) = S(t) exp(oc V)

S, (t+ 1) = S(t) exp( —a Vi)
which solves for p
p=Q10-d)/(u —d

with
u = exp (c V) andd = exp(—o\/f)

So a tree can be built with two six-month nodes:

1. The asset price at the preceding node X Exp(+ .20 X Sqrt(.5)) with a
probability of 46.47%.

2. The asset price at the preceding node X Exp(— .20 X Sqrt(.5)) with a
probability of 53.52%.
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Table C.1 Dollar Mark Expectations (for the German)

Volatility 20%
6 Months 1 Year Probability Expected Price

1.8841 p* = .2159 4068

1.6375
1.42 1.42 2p (1 — p) = 0.4975 .7064

1.2327
1.0707 (1 - p)? = 0.2865 3066

Expected

USD-DEM 1.42

The expected final asset price is computed by the final outcome times
its probability. Table C.1 shows the German’s position.

So far so good: The German expects his currency, in the absence of drift
and interest rate differential, to remain the same at the end of one year. To
see at every node what he expects the inverse of dollar-mark to do, one
would take the same table and replace dollar-mark by 1/dollar-mark (see
Table C.2). The first cell will be 1/1.42 = .7042.

So the German expects his currency to remain the same in dollar-mark
terms, but to appreciate considerably in mark-dollar terms. This paradox is
rather unsettling in a global economy.

Table C.3 shows the marks per dollar point of view. Table C.4 shows the
reverse at every node.

The American, too believes that his currency would increase against the
other’s.

Chapters 7 and 17 present an extension of the paradox: A call on dollar-
mark will therefore not have the same delta as a put on mark-dollar. An in-
tuitive way to see it is by considering a move up in dollar-mark to the
infinite. For a dollar-based investor, the move in the currencies is down to
zero, therefore limited.

Table C.2 Mark-Dollar Expectations for the German )
Move 20%
6 Months 1 Year Probability
1/1.8841 = .5307 p? = .2159 1146
1/1.6375 = .6135
1/1.42 = 0.7042 1/1.42=07042 2p (1 — p) = 0.4975 .3503

1/1.2327 = 8112
1/1.0707 = .9344 (1 — p)? = 0.2865 2677
Expected
DEM-USD 7327
Equivalent
USD-DEM 1.3648
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Table C.3 Marks per Dollar Expectations (for the American)

Volatility 20%
6 Months 1 Year Probability Expected Price

9344 p? = .2159 2018

.8115
7042 7042 2p (1 — p) = 0.4975 .35

6113

5307 (1~ p)?=0.2865 1520

Expected
DEM-USD 7042

B Numeraire flipping consists of switching the unit in which the nu-
meraire is expressed from base currency to counterasset ¢.
A call on S, with strike K, with risk-neutral rate rd and counterasset
rate d can be priced as a put on 1/5 with strike 1/K, risk-neutral rate d,
and counterasset rate rd.

Traders need to be warned that numeraire flipping obtains exactly the same
price equivalent (except for Asian and digital options), but the delta will be
different.?

Conclusion

* Any risk manager/trader should be aware of the real, true numeraire before
proceeding to analyze and measure risks. This issue crops up at either a
higher volatility or in situations where many pairs are traded against each
other without any dominant home currency.

The next section is intended for the mathematical stiekler.

Table C.4 Mark-Dollar Expectations for the German )
Move 20%
6 Months 1 Year Probability
1.07 p? = .2159 23
1.2328
1/.7042 = 1.42 1.42 2p (1 — p) = 0.4975 .7065
1.6358
1.8843 (1 — p)?* = 0.2865 .5399
Expected
USD-DEM 1.4775
Equivalent

DEM-USD .6768
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Mathematical Note?

The preceding situation is a direct extension of Jensen’s inequality: A con-
vex* function of an expectation will be lower than the expectation of the
function.

If ® is convex

O(E[x]) = E[D(x)]

applying for the reciprocal of the defined as (assetl-asset2) =
1/(asset2—assetl) then

1/E(x) = E(1/x)

A more complete method is to use Ito’s lemma and examine the effect of
the change of variable. This would allow the operator to take the drift into
account and get an exact figure. It can be done by creating a 1/x function of
the underlying security and deriving its expectation.

Starting with a Brownian motion:
as wdt + cdZ

S
“with § the security, o the volatility, and Z a Wiener process.
Set LI(S) = 1/8§ the inverse of the rate (countercurrency) and using Ito’s
lemma:
ol ol

_ + — - = 2
dU = <= dt + <= dS + (dS)

we have

ﬂ dt
ot

ol -1
— —_ —_ +
Y ds = SZ ds = S (ndt + odZ)»

; SLzl (dS)? = % (udt + 0dZ)?

using the Ito multiplication table:
ar =0

dtdZ =20
dz? = dt
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which obtains Ju
ST (0?2 — pw)dt — odZ

while dS/S has expectation p dt, dU/U has expectation (o — ) dt.

Conclusion

Every operator will be subjected to a special risk-neutral stochastic process
as a function of his numeraire.’
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Correlation Triangles: A Graphical
Case Study

This section is necessary preparation for the analysis of multiasset options.!
The analysis is limited to implied volatility and correlations stemming from
European options.

Assets can be represented for delivery in a given maturity (the assets
themselves, not the quoted pairs), as points in a Euclidean space. The “dis-
tance” between the points will correspond to the implied volatility between
them. This method can facilitate the understanding of the relationships be-
tween volatilities and the effect the correlation has on all the possible pairs.

The definition of an asset for that purpose is a unit that needs to be
paired with some other unit for it to become tradable. So corn could be an
asset, gold another asset, the U.S. dollar a third one. One could easily see a
contract defined as an option for corn against gold, a vanilla product for indi-
viduals whose home currency is corn or gold.

It is always easier to analyze currencies in that light because currencies
lend themselves very well to changes in numeraire. A currency trader can
easily see a dollar-yen option on the same footing as a yen-Mongolian Tugrit.
A currency, by definition, is a numeraire, but so could any other unit, includ-
ing baseball tickets, for those who are too centered on the matter and see
everything else translated into baseball ticket equivalence.

¢ The implied volatility of a pair (for a given maturity) is measured
with the distance between the points represented by their coordi-
nates in a Euclidean space.

¢ In a two-dimensional universe, the formula of the distance between
two assets with coordinates (x,,x,) and (y,,y,) is

dxy) = ((x, — ¥ )2 + (x, = )

It is easy for the mathematical stickler to see that the volatility function
thus defined satisfies the conditions for a metric, or distance function.
Hence, v(x,y) will represent the volatility of the tradable pair x-y, or x in
terms of units of y:

438
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1. v(xy) is strictly positive if x is different from y. In addition, v(x,x) =
0: The volatility of the asset expressed in terms of itself as a nu-
meraire is nil. It suffices to see that the volatility of cash in terms of
cashis 0.

2. v(x,y) = v(y,x). The volatility of y in terms of x as a numeraire is equal
to the volatility of y in terms of x as a numeraire.

3. v(x,y) is at all times lower or equal to v(x,z) + v(z,y).

In a n dimensional space, the formula of the distance between two as-
sets with coordinates x = (x ,x,,...,x )and x = (y,,y,, ... ,Y,) is

oY) =y > =y 1)

Start by assuming that one-month DEM volatility is a point in a Euclidean
space (the one-month space) with coordinates {7,12.12}. Also pick USD to be
(0,0). It is always recommended, for the sake of simplicity, to use the point
(0,0) for the numeraire, the commodity in which the P/L is computed.

To conform to market standards, the notation v(x,y) will be used to
write v(x_y), which should read “volatility of the pair x_y”. v(USD-DEM),
the metric between point {0,0} and the point {7,12.12} shown in Figure D.1
will be V72 + 12.12%2 = 14, which puts the USD-DEM volatility at 14% (ex-
ample is rescaled by 100 for simplicity). By the same token, the v(DEM-
USD), the DEM-USD volatility is seen at 14% as well.

Next, add the JPY. Assume that USD-JPY is trading at 12% volatility so
USD-JPY is a vector of length 12. But there are many possibilities to put it on
the chart as the coordinates could represent an entire circle of radius 12
around the (0,0) point (Figure D.2).

:: Prts
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Figure D.1 A two-currency world.
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Figure D.2 Possible JPY points.

The coordinates are arbitrarily set to be (x,, xz), a point that would
be on the circle. There are infinite possibilities as the Vx] + x2 = 12 gives
rise to many combinations. Pick x, =11, so x, would be V12?112,
and the point for JPY would, as a result, be (11,4.79).

Now there are three points in space: USD = (0,0), DEM = (7,12.12),
JPY = (11,4.79). These three points should be capable of providing
additional information. According to formula (1), v(DEM-JPY) will be
sqrt{(7 — 11)? + (12.12 — 4.79)?} = 8.35.

Note that the same triangle equality shown in Figure D.3 would have
been satisfied with the yen on the other side (i.e., with the coordinates
{—1.35,11.92}).

Before proceeding to the what-if analysis, examine the correlatiqn. It is
well known that the correlation between the volatility segments will be the
cosine of the angle cornering them.

Let the point n = (n,, n,, . . . n,) be defined as a numeraire:

cos (b) = (x = n) - (y — n)/ v(x,n) v(yn),

b being the angle between the segments with the dot product, the “inner
product,” (x — n) - (y — n) = 3(x, — n)(y, — n) and it is already known that
the metric v(x,n) =V Z(x;, — n ).

It could be made easier by assuming that X and Y have (x,, x,), (y,, y,) for
coordinates.




Correlation Triangles, A Graphical Case Study 441
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Figure D.3 Adding the yen.

CORRELATION TRIANGLE RULE

cos(b) = correlation(x-n, y-n) = ((x; — n) (y, — n,)

+ (xz - le) (yz - nz))/\/[(xl - nl)Z + (xz - nz)zl \/[0/1 - nl)z + (]/2 - n2)2]

It is easy to see that correlation (x-n, y-n) = correlation (n-x, n-y); in other
words, the correlation between the asset x measured against the numeraire
n and the asset y measured against the numeraire # is equal to the correla-
tion between the asset n measured against the numeraire x and the asset n
measured against the numeraire y.

It is now possible to return to the example and calculate the correlations
imparted by the three-currency world. Compute the correlation between
USD-DEM segment and the USD-JPY:

Corr(DEM-USD,JPY-USD) = (7 — 0)(11 — 0)
+ (12,12 = 0)(4.79 — 0)/\V/(49 + 146.89) V(121 + 22.94) = .8035

Corr(DEM-JPY/USD-DEM) = .52
Corr(DEM-JPY/USD-DEM) = .09

For correlation to remain constant, the volatilities of the sides should in-
crease by the same percentage amount (Figure D.4). This would cause the
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Figure D.4 Correlation unchanged.

third volatility to increase as well. It is somewhat hard to imagine that
DEM-JPY now increases in volatility because both components gained in
volatility against the dollar. This author spent some precious time trying to
convince fellow colleagues who were reluctant to accept the notion.

Furthermore, when the third leg rotates (as in Figure D.5), the volatili-
ties remain constant and correlation shifts.

To add a currency to this world would necessitate increasing the di-
mensions by 1. Including the GBP requires adding one dimension to all the
others. Using an {x,y,z} coordinate system, the result (displayed in Figure
D.6) is ’

USD(numeraire) = {0,0,0}

DEM = {7,12.12,0}
JPY = {11,4.79,0}
GBP = {0,9.57,2.91)

Figure D.5 Volatility unchanged, correlation decreases.
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Figure D.6 A four-currency world.

What if a user added the SP500? He would now have five units, four dimen-
sions for a possible representation. However, he could eliminate one unit
every time for representation purposes.

The trader represents the subuniverse USD,SP,DEM,JPY (without the
GBP). He removes the third line accordingly for the representation, repre-
senting (n1,n2,n4) to accommodate the fact that even traders can only view
the world in three dimensions.

usD = {0,0,0}
DEM = {7,12.12,0}
JPY = {11,4.79,0}
SP = {0,0,10}

The pair SP500-USD satisfies no correlation with any other segment. The
reader could, as an exercise, verify that. The implication is apparent, as
corr(2 segments) = 0 infers the cos(angle) = 0, which results in a right angle
between SP-USD and JPY-USD, as well as with SP-USD and DEM-USD, as
shown in Figure D.7.

Result: The world of volatilities can be represented as a universe of
points.

Absence of volatility/correlation arbitrage requires that all the volatili-
ties in the market (and the correlations stemming from it) satisfy the same
metric between points. Any shift of a point to the left, right, up, or down
should then result in arbitrage.
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Figure D.7 Three currencies and the SP500.

CALCULATING AN IMPLIED CORRELATION CURVE

Having the different sides makes it possible to build a correlation curve,
which is the correlation implied by the rules of the triangle (Table D.1).

Table D.1 Derived Implied Correlations*

DM FF DM/FF CORR
1m 13.40 10.30 4.80 0.95
2m 13.40 10.40 5.00 0.94
3m 13.35 10.45 5.35 0.93
4m 13.35 10.45 5.50 ° 0.92
5m 13.30 10.40 5.60 0.92
6m 13.25 10.45 5.70 091
7m 13.15 10.35 5.70 091
8m 13.15 10.35 5.70 0.91
9m 13.15 10.45 5.70 0.91
10m 13.10 10.40 5.70 0.91
11m 13.10 10.40 5.70 0.91
12m 13.10 10.50 5.70 0.91

*Source: Tradition Financial Services, October 30,
1995, closing prices.
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The Value-at-Risk

Abyssus abyssum invocat (The abyss calls for the abyss).!
Latin Proverb

Below is a presentation of a risk management method that, like portfolio in-
surance, can only work if a small number of people are using it. It is a para-
dox, discussed in Taleb (1997), that states that it can only work (and succeed)
if it is unsuccessful.

B Value-at-risk? is a method of estimating the maximum loss for a portfolio
at a confidence level assuming a knowledge of the process governing its
components.

The VAR can present some useful short-term hedging tools for traders, as
we examined with the discussion on stacking in Chapter 12. However, it led
to seriously disputed applications by risk management firms that led (per-
haps innocently) their customers to believe they possessed tools to summa-
rize the overall market risks for a position, a unit, a department, or an entire
firm, in one simplified numerical exposure, without standard error.

As the concept is evolving in its applications, the presentation here will
be limited to a rapid intuitive exposition.

Value-at-risk?® is growing in use among the banks and corporations both
for adequate risk allocation and appropriate quantification of the risk-
adjusted returns on capital. The idea of disclosing the overall exposure as one
simple quantity appeals to most corporate board members and regulators,
many of whom are uninitiated into the nuances and complexities of financial
market risks. They can easily be impressed by the “scientific” tools used.

The condensation of complex factors naturally does not just affect the
accuracy of the measure. Critics of VAR (including the author) argue that
simplification could result in such distortions as to nullify the value of the
measurement. Furthermore, it can lead to charlatanism: Lulling an innocent
investor or business manager into a false sense of security could be a seri-
ous breach of faith. Operators are dealing with unstable parameters, un-
like those of the physical sciences, and risk measurement should not just be
understood to be a vague and imprecise estimate. This approach can easily
lead to distortions. The most nefarious effect of the VAR is that it has al-
lowed people who have never had any exposure to market risks to express
their opinion on the matter.

445
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In brief, it cannot be used to say, “ Within 99.7% (or within 90% or some-
thing of the sort), you are not expected to lose in the next month more than
1 million dollars.” The innocent treasurer or company official would believe
himself to be listening to a scientific statistic similar to statistics on air-
plane crashes. It could, however, be used to say: “You are expected to lose
no more than 100,000 dollars within the next two hours with a 66% accu-
racy, provided you do not try to liquidate your position and the other simi-
lar firms do not have the same portfolio.”

SIMPLIFIED EXAMPLES

In these examples, the VAR corresponds to the risk for 1 standard devia-
tion (66% of the time), not 3 standard deviations as expressed in the com-
mon literature.

Assume for this series of examples that the universe offered to a trading
desk is composed of the following four items:

USD-DEM: USD against the German mark currency pair as quoted in
the interbank market.

USD-JPY: USD against the Japanese yen currency pair as quoted in the
interbank market.

Treasury Bond futures: As traded ori the Chicago Board of Trade (the ex-
ample translates units into face value exposure).

SP500 Index futures: As quoted on the Chicago Mercantile Exchange.

The example uses data as of May 23, 1995.
Annualized nine-month historical volatilities (percentage) are as follows:

USD-DEM 12.1

USD-JPY 12.3
Bonds 85 y
SP500 9.33

Volatility is defined as the standard deviation of the log of the returns
(unweighted).

Table E.1 Correlation Matrices (9 Month)
USD-DEM USD-JPY Bonds SP500

USD-DEM 1.00 0.74 0.30 0.23
USD-JPY 0.74 1.00 0.26 0.30
Bonds 0.30 0.26 1.00 0.45

SP500 0.23 0.30 0.45 1.00
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Example 1. No Diversification

The trader has a $20 million face value limit and decides to invest in going
long one of the four instruments, but does not know which one. Table E.2
shows the net exposure that would correspond to each undiversified posi-
tion. The net exposure is defined arbitrarily for one daily standard deviation
of the moves in the market, which should (in theory, unless the distribution
changes) represent 67% of all events. It should also resemble the average daily
swing in the portfolio. Should the trader decide to include wider events, like
3 standard deviations, he could multiply the exposure by 3: It would then
show the total maximum possible loss with a 99.7% confidence. However, the
management of that trader has heard of fat tails and prefers to see 1 standard
deviation as a benchmark for a comparative purpose.

Example 2. A Cross-Position

The trader might desire to get involved in cross-positions. Would he benefit
from a positive correlation?

It is apparent here that the VAR stemming from a cross-currency position
as shown in Table E.3, owing to the higher correlation of changes between
dollar/mark and dollar/yen would correspond to 71% of the risk of a
dollar/mark position.

Obviously, the diversification works. Since he has not fully drawn on
his gross limit, he can add to the position and utilize the balance of $10 mil-
lion in a diversified manner (Table E.4).

The overall position is thus reduced from the undiversified Example 1:
The capital at risk for 1 standard deviation corresponds to at least half the
risks of any of the initial four positions.

Table E.2 The Risk of Each Position

Position R
(in $ mil) Net Exp

USD-DEM 20 $153,700

USD-JPY 20 $156,240

Bonds 20* $107,971

SP500 20t $118,514

*20 million exposure in Treasury bonds corre-
sponds to 182 contracts, computed by dividing
20,000,000 by the face value of every contract
($100,000) times 110 the price.

#20 million exposure in the SP500 futures corre-
sponds to 77 contracts, which is computed by di-
viding 20,000,000 by 523 (the contract price)
times 500 (the contract is defined as paying 500
time the index).
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Table E.3 VAR for a Cross-Currency Position

Position
(in $ mil) Net Exp
USD-DEM 5 $38,425
USD-JPY -5 $39,060
Bonds 0 —
SP500 0 —
VAR $27,944

Example 3. Two Possible Trades

USD-DEM and USD-ERF are two highly correlated currencies. The trader
can position himself in one, in the other, or in the cross.

Correlation Matrix:

USD-DEM USD-FRF

USD-DEM 1 0.97
USD-FREF 0.97 1
Volatilities:

vol

USD-DEM 12.1
USD-ERF 11

The Cross-Position Risk:

Position
(in$mil)  Net Exp
USD-DEM —-80 $614,798
USD-FRF 80 $558,908
VAR $154,080

»

The risk of a cross-position corresponds to 25% of the risks of each.
The VAR of the equivalent position could have been computed through the

Table E.4 Full Use of the Capital ($20 million)

Position

(in $ mil) Net Exp
USD-DEM 5 $38,425
USD-JPY -5 $39,060
Bonds 5 $26,993
SP500 5 $29,628

VAR $54,868
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volatility of the resulting DEM-FRF currency pair: 3.03%. The alternative risk
profile is as follows:

Position

(in $ mil
Vol equivalent) Net Exp
DEM-FRF  3.03 —80 $154,080
VAR $154,080

Problem 1. Assumed Homoskedasticity of Markets. (This argument is de-
veloped in Chapter 15.) The models being used rely heavily on the “normal-
ity” of the markets (i.e., price changes follow a bell-shaped curve, a fact that
is extremely rare). “Fat tails” and “high peaks” are familiar to any option
trader with a thorough understanding of the weakness of the models.

While the normality assumption could be acceptable for some applica-
tions, such as the pricing of at-the-money options, such approximation of
the distribution could be considered inappropriate for the measurement of
“worst-case” risks. Risks are located in the tails, which is where the distri-
bution is the least known.

Assuming that the volatility of markets is not constant, the rule of the ¢
V't no longer holds. Result: In a heteroskedastic market, the variance is not a
multiple of the time horizon. One-week (5-day) dollar volatility is not 2.23

- times that of one day. )

In addition, correlations not being constant (as dicussed in Chapter 6),

the “joint tails” of several assets are fuzzier to model.

Risk Management Rule: The VAR provides an admirable short-
term hedging tool but is by no means a risk management device.

Problem 2. Liquidity Risks. (This argument is developed in Chapter 4.)
The VAR method makes no allowance for the fact that liquidity could repre-
sent the largest risks in some markets. In some less mature instruments,
liquidity costs become indistinguishable from market risk. The selling of a
large block of securities, particularly in the event of a forced liquidation,
can lead to total market collapse.

Those not interested in the liquidation value of their portfolio need not
be concerned about its market price risk.

Problem 3. Behavior of Parameters at Times of Stress. The essence of
the VAR concept is correlation and diversification. The widespread use of
these techniques leads to the simultaneous breakdown of both at times of
excessive stress in the markets. Typically, low correlation between assets
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tends to rise in consequence to stressful events, therefore reducing the di-
versification effect. A severe example of that is provided by the “bond
market crash” of 1994 as all the bond markets sank together. Similarly, the
high correlation drops abruptly, sometimes even turning negative, in the
face of such events: The cross-maturity hedges cease to work. The yield
curves shift, often causing nonpredicted deformations, at times of high
volatility.

There is a significant conflict between a multiasset risk model and the
stress-testing approach. One relies on known relationships while the sec-
ond has grounding in a statistics-free world. Relying exclusively on the first
would mislead grossly at times of uncertainty. Relying exclusively on the
second would prevent firms from trading.

Problem 4. Dangers of Generalized Use. Assume that everyone used the
value at risk and that the market moved abruptly. The fact that such a sys-
tem became a benchmark would cause a snowball effect.

The chain would be as follows: In a schematic world of a small number
of homogeneous leveraged players, everyone would end up with close to the
same portfolio constitution and weights owing to the diversification scheme
(the optimal portfolio) {A,B,C} with weights w,, w,, W, in such a way that
they reduced their risks to fit the optimal allocation. They would all invest
more lulled with the knowledge of being comfortably diversified as they
were properly taught by the risk management consultant.

Assume that A went down in price causing the total portfolios to drop
in value. Assume that the volatility of A increased. To maintain a constant
VAR, the weights would need to be adjusted down, so the operator would
have to sell some stocks of B and C. The quantities, though small, would be
large enough to push prices lower and make operators race each other to the
state of near-bankruptcy. The factor would cause the correlation between
the components to rise, weakening the diversification effect in an unex-
pected way. The same effect would take place if one of the weights is nega-
tive and the operators are “hedging.” An interesting parameter in hedges is
that they only work when they are not identified as hedges by thq multi-
tude. If most other similar institutions needed to act in a similar manner in
similar circumstances, there would be a dynamical system traders would
need to account for.*

Risk Management Rule: The market will follow the path that will
thwart the higher number of possible hedgers.

Problem 5. Computational Problems. Severe computational issues are as-
sociated with the VAR. Large firms do not cumulate all their position in one
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place from where they could be retrieved easily and in a timely way. Miss-
ing one simple position could cause sufficient distortions to invalidate the
measurements. The way the VAR is computed makes it necessary to merge
all the individual positions together, not add up the VAR of different de-
partments and branches.

Again, the value at risk of a sum is not the sum of the VARs. Despite the
sophistication of operators, most active firms experience data-gathering lags.
The complexity of their operations led them to account for units by using a
pyramid of net numbers. The VAR project would necessitate the handling of
every single position in every single branch, not easy for institutions with a
large network.

Another problem arises when the instruments become too numerous,
creating a large matrix. Estimating the covariances will create some round-
ing and estimation errors, and when such errors cumulate, they will pre-
vent the matrices from being positive definite. This makes large matrices
impracticable.®

Problem 6. What Is Volatility? So far, volatility has been discussed as if it
were some observed physical phenomenon. Because it is unstable, traders
need to consider modeling and all the resulting problems. Which volatility?
Implied or historical? Over which horizon? and so on.

Problem 7. Do Not Even Dream of Applying It to Derivatives. The sub-
ject matter of this book stresses the difficult interplay of parameters
traders must face in evaluating the risks of an option position, owing to its
multidimensional nonlinearity. The notion of higher moments also under-
scores that there is no way of tracking the risks of complex portfolios with
one simplified Greek.

B

Conclusions. Many efforts are under way to correct the inherent defects
of the system. Most promising results, typically in the shape of nonpara-
metric methods for stress testing, are presently outside the public domain.

Formulas. The problem is being approached from the angle of the correla-
tion matrix instead of the simpler covariance because of conventions in the
software market.

E is the Net exposure = Position (Face value) X 1 Daily stdev. (com-
puted by computing the annualized standard deviation used in option pric-
ing by the square root of 252). M is an m by m correlation Matrix. VAR is the
value at risk, amount risked for n standard deviations.

VAR = 1 SQRT(E' M E)
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Example: Say that in a world of four instruments an operator had the
following vector:

Volatilities:

Position:

The trader gets the net exposure E (expected risks per standard
deviation):
P10,
1
—— |P:%2

E= V52 |pio,

P40,

Then he pulls the correlation matrix:

1 pyy Pys P

M = T py Py

1 P34
1

The lower triangle is the mirror of the upper one since p,, = p,,.

Finally the value at risk is computed by multiplying the transpose of
E (1,4) by M (4,4) and multiplying the resulting (1,4) matrix by E (4,1) to
get one number. The square root of the number will be the VAR.
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Probabilistic Rankings in Arbitrage

RANKING OF SECURITIES

The value of a security can be established by ranking. If security A is worth
more than security B and less than security C, a book runner can thus get
some orientation on how to price it. This is particularly easy when the
prices are readily available for the comparative “straddling” securities and
when the comparative securities are close in price to each other.

This instrument pricing and hedging method is based on the rule of
stochastic dominance.! When an instrument or combination of instruments
is at least as valuable as another set, the author will use the sign = to ex-
press the inequality. Instrument A = B means that A in all possible events
(under all parameter changes) is deemed to be at least equal to instrument
B, or that under no event will B be worth more than A. Such rules can be
used to price options given the availability of other prices in the market.
They certainly can be extended to portfolio management.

European Option Rules

The following notation will be used: C(S, t) is a European call expiring pe-
riod t with a strike price S. P(S, t) is a European put. A C(S, t, H)) is a call
with a barrier below the market (down and out) at a price H, and a C(S, ¢,
H,) is a call with a barrier higher than market (up and out) at price H, also
called a reverse knock-out. A call (S, t, H,, H,)) is a double barrier:

C@S, 8 =C(S + a, t)

A 101 call will be worth more than a 102 call of the same expiration under
all circumstances. This rule is obvious:

P(S+a,t)=P(S, t)

A 101 put will be worth more than a 100 put under all circumstances.
The butterfly rules:

CS—at)+CS+at)=2C(6S t)

453
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Two 101 calls are worth less than one 100 call and one 102 call together. It
means that the 100/101/102 butterfly should be worth at least 0. The reason
is that it will have a value of 0 everywhere except in the “eye”; at the center, it
may have a value of 1.

By put/call parity:

P(S — o, t) + P(S + a, t) = 2 P(S, 1)

Two puts at 101 shouyld be worth more than one 100 put and one 102 put
together.

These rules may seem simplistic but veteran option traders on the ex-
changes who pride themselves on trading without “sheets” have been able to
operate by these butterfly rules alone. They can price the entire spectrum
using a small number of options.

By extension:

PSS, t)+CS, )=zP(S —a, t) +C(S+a, t)

a straddle is necessarily more valuable than a strangle.

Calendar Rules
With 7 strickly positive,
PGS, t+71)+C(S, t+1)=P(S,t) +C(S, 1)

(In present value: It is more appropriate to deduct financing.)

This means that a longer straddle should be worth more than a shorter
one, after taking financing into account. The rule always holds for “serial”
options, options on only 1 future (like a 1-month 2-month option on a 3-
month future). It does not unconditionally apply to options where the under-
lying security S is not “fixed,” and such weakness gets exacerbated with
nonfungible assets (i.e., live cattle. Exceptions can occur when a security can-
not be swapped into a longer maturity). N

Barrier and Digital Rules

An American digital is worth more than a European one. An American dig-
ital of the “if touched” variety where the bet is satisfied if some event takes
place at all times during the life of the instrument is worth more than a bet
that an event would take place at expiration only.

Example: A note that pays off one dollar if the security goes above 103
at any point in the next year is worth more than a note that pays off one
dollar if the security is above 103 on expiration day:
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CS ) =C(S, t, Hy) and = C(S, t, H))

An option with no barrier is always worth more than an option cum barrier,
since there are possibilities of losing the option before expiration:

C(S,t, Hy) = C(S, £, H,, + a)
C(S,t, H,) = C(S, t, H, — o)

Any option cum barrier is more valuable than the same option with a bar-
rier closer to the money:

C(S, t, Hy) = C(S, t, H,, H,,)
C(S,t H,) = C(S, t, H, Hy,)

Any single barrier option is more valuable than a double barrier if they
share a common trigger H.

Correlation Rules

These boundary rules apply for at-the-money options. They work for at-the-
money (forward) straddle prices or implied volatility of options.

The possible currencies are Currency A (used for numeraire), Currency
B, and Currency C. The notation v(A-B) is used to designate the volatility
for the pair A against B.

Triangle Inequality
v(A-B) + v(B-C) = v(A-C)

Correlation and Volatility. Using p(A-B, A-C), the correlation of the pair
A-B and the pair B-C:

0(B-C)? = v(A-B)? + v(A-C)2 — 2 p(A-B, A-C) v(A-B) v(A-C)

Example:

v(USD-DEM) + v(DEM-FRF) = u(USD-FRF)

(This rule seems to be often violated.)

v(USD-FRF) + v(DEM-FRF) = v(USD-DEM)
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It implies that given three security pairs, implied volatility between
them cannot be such that one of the implied correlations exceeds 1 in ab-
solute value.

Furthermore, by the rule of contamination, no combination between op-
tions should allow for a combination yielding a correlation higher than 1 in
absolute value.

Warning. This does not represent full arbitrage (i.e., a locked-in profit
or loss) since the P/L of combinations with the numeraire can be predicted
with certainty, whereas the “cross” (in this case, DEM-FRF for a dollar-
based person) can yield a P/L that depends on the performance of the com-
ponents with respect to the base currency.

A generalization based on the preceding is that an implied covariance
matrix (implied from at-the-money option prices) needs to be positive defi-
nite (its eigenvalues need to be positive definite). It is an extension of the
boundary rules for a three-currency world. Otherwise an operator would
be able to arbitrage it by getting some combination of options for free (or for
a credit).

o(USD-DEM) = o,
v(USD-FRF) = o,
“Cross” vol (DEM-FRF) = Volatility of FRF-DEM = o_

Thus the following covariance matrix results:

2
o’ o
1 %l .
S = withao, =g, = a2 + o2 — ¢?
2 12 = Oy 1 2 c
o, O3

0,,and o,, being the covariance between USD-DEM and USD-FRF.

It is easy to check whether the matrix is “clean,” or arbitrage-free. As
volatility cannot possibly be negative, 2 needs to be positive definite, which
requires the eigenvalues to be positive. In this example, the aberrations for
a 2 by 2 matrix can be visible to the naked eye while those of a 20 by, 20 ma-
trix would require computer crunching.

In the next example, there are restrictions on one of the elements the
matrix (considering it to be symmetric with covariance 1, 2 = covariance
2, 1). Assume that vol USD-DEM is 14% and DEM-FREF (the cross) is 4%.
Then the restriction is on USD-FRF to be between 10% and 18%. Outside
that band, arbitrages are possible. Below 10%, an operator could buy the
USD-FRF and DEM-EREF volatilities and sell the USD-DEM. He would be
completely bounded as this operation is equivalent to being “short” corre-
lation at 1. Any drop in correlation at any time between the two currencies
would benefit the trader.
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Likewise, “buying” correlation at —1 could be perfected by buying
USD-DEM at 14%, buying DEM-FRF at 4%, and selling USD-FRF at 18%.
Any rise in the correlation above —1 would result in profits.

A more involved matrix can be created by adding a security to the ma-
trix. It becomes much more difficult to see with a naked eye the implica-
tions of an arbitrage-free situation:

2
Oy 0Oy Oy

_ 2
2 =|oy, 03 0Oy,
0. O, G

Take the asset 1 = USD-DEM, asset 2 = USD-FRF, asset 3 = USD-CHEF,
assets 12 and 21 = DEM-FRF, assets 13 and 31 = DEM-CHEF, and the illiquid
assets 23 and 32 FRF-CHF. With vol USD-DEM at 15%, USD-FRF at 12%,
USD-CHEF at 18% and crosses USD-FRF at 4%, CHE-FRF at 6% and DEM-CHF
5%, one of the eigenvalues flags a negative number that causes the computer
to beep. The matrix above is faulty. The arbitrage can be constructed through
a combination of options. ‘

Remember that enough currencies are there to allow for some arbitrage,
or at least to construct a trade with a high expected return.

Warning. The rule of the positive eigenvalues does not hold for a com-
parison between implied volatilities of options that are not at-the-money
forward.

CoORRELATION CONVEXITY RULES

The next few rules emanate from the contamination principle.

One can easily see from the previous examples that a structure that is
set up short a “high” correlation (close to 1), that is, that should benefit
from correlation dropping, or long a low correlation (close to —1), is
stronger than a structure that is set up in a correlation that is closer to 0,
everything else being equal. Say that a trader in a three-asset world pays
11% for USD-FRF and 4% for DEM-FRF and sells USD-DEM at 14%. He re-
ally disbursed the equivalent of one volatility, or sold correlation at 97%. It
is an application of the following formula:

=
UCX‘OSS - V

03 + 03 — 2po,0,
from which is derived a correlation p of .97.

In the real world, correlations are unstable. Therefore, a trade thathasa
better chance of benefiting from changes in correlation than losing from it
is of higher grade than a trade that presents the opposite characteristic.
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GENERAL CoNVEXITY RULES

Risk Management Rule: A security that is convex with respect to a
nonconstant parameter should, everything else being equal, be
worth more than a security that is not as convex with respect to the
same parameter.

In a flat-yield-curve environment and assuming the back-month matu-
rities have the same volatility, it is preferable to own the bond with the high-
est convexity.

A corollary is that a portfolio of options that presents a symmetric con-
vexity in its vega is worth more than a similar portfolio that presents none.

Example: Two portfolios are long vega in the amount of $100,000 per
volatility point (from 16% down to 15%). Portfolio A’s vega increases as
volatility rallies and decreases in a sell-off, while portfolio B’s vega de-
creases in the rally and increases in a sell-off. On that account alone, the
options that constitute portfolio A are more valuable than those that
constitute portfolio B.

It is preferable to be square vega and own the second derivative of
vega than have a position (through binary options hedged with vanilla)
that loses money when vega moves. These instruments are therefore
deemed “inferior.”

Risk Management Rule: A portfolio of options that presents sym-
metric convexity in its vega with respect to underlying A is worth
more than a similar portfolio of options of the same symmetric con-
vexity with respect to underlying B if ‘underlying B is less het-
eroskedastic than underlying A.

A portfolio of options long vega through shorting a barrier op-
tion is less valuable than a portfolio of options that is long vega
through out-of-the-money options.

Figure F.1 shows the difference between convex and concave vega.

N

E— Convex Vega
N\\M

e e

Concave Vega

Figure F.1 Convex and concave vega.
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- Option Pricing

ITo’s LEMMA EXPLAINED

Ito’s lemma is an important tool in option pricing. Without spending an ex-
cessive amount of time on theory, this module will provide a heuristic defi-
nition, couching as much of it as possible in terms practitioners can
understand.

The gist of Ito’s method is that a function of a random walk (not
smooth) is smooth and differentiable. The module of the Brownian motion
on a spreadsheet (Module A) goes into the details of the lack of smooth-
ness.

The random walk has already been intuitively defined:

AW = W(t + At) — W(t) = w(W, HAt + o(W, HAZ (1)

with AZ = VAt U(0, 1), U(0, 1) an i.i.d. process following a normal distribu-
tion! with mean 0 and unit variance. The shortcuts o and w for o(W, t) and
w(W, t) will be used.

Equation (1) means that the change in W, over time At, is composed of a
drift and of a stochastic element the magnitude of which is determined by
the variance.

It is established that no matter how small one defines the increments At,
the function will not be smooth anywhere. It will remain jagged and
nowhere differentiable. This is analogous to a coastline that no one can ac-
curately measure because of its infinite jaggedness.

Select time in tranches so small that any smaller increment would be 0.
Anything that is multiplied by time would vanish.

It is possible to check that:

E(AW) = pAt since E(AZ) = 0
V(AW) = E{AW) — E(QAWY}2 = E{0 + o2At U2

SO

V(AW) = o2At
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this leads to the following Ito multiplication table:

dt aw
dt 0 0
dW 0 odt

From here, (1) can be written as what is known as an Ito process:
dW = w(W, Hdt + o(W, t)dZ 2

at the limit. This differential form should be always seen as a shorthand for
a stochastic integral, not a true partial differential equation.
Let F(W, t) be a security that is function of both W and time. Expanding,

leads to:
oF oF 1 9°F 1 &°F
F=—dt+ — + = 24+ = - (dt)?
d ot at oW aw 2 20W? @w) 2 9 (dt)
d°F
+ dW dt 3
W of ( ) 3)
since:

1. Unlike ordinary calculus, the stochastic expansion does not stop at
dW since dW? does not vanish, like the coastline that remains jagged
at all scales and

2. Anything multiplied by df vanishes,

so (3) becomes

oF oF 1 9°F
dar="ar+ 2 aw + = 2 @awy 4
ot W aw 2 oOW? @) @

expanding dW and (dW)? results in

aF

oF | 1 &F
dF = | 2+ pw p2 4 = 28
[at wW D Tw

s ] g OF
> o oW, t)] dt+ S oW AW (5)

It is easy to see how this can lead to the Black-Scholes equation.
As a first step, consider that dS/S is an Ito process:

%S— = pdt + odZ (6)
Examine the process of the log dS with the aid of the Ito transform:
2 2
d LogS = —dsi + %—2- and since (%) = (wdt + odZ)? = o*(dZ)* = o%dt

o.2
d LogS = (u - 7) dt + cdW
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S, @ period shorter than period f (usually ¢, is the present).

t 2 t
LogS, — LogS,, = | (u - "7) dr + of aw,

=(,L~%2)(t~t0)+0(wt"wm)

This leads to:

St — Stoe (v —%) (-~ to) + ot - to)“ (7)

Equation (7) is used with most of the option pricing tools in this book. In
addition, (7) satisfies

Ey(S) = S et f e 10" n(u)du 8)

= St e (u — %) (t ~ tg) e"z/z(t -ty
0

since the right integral in (8) is the moment-generating function M of the
Gaussian distribution

| e T nwdn = M () = eo2t 19

o\t — tO)
hence :

E(S) = S,Oeu(t ~ o) )
With the results, operators can proceed to price options, in several ways.

* By using the Black-Scholes (1973) argument of delta neutrality lead-
ing us to ignore the utility curve of operators and possible risk pre-
miums establishing that w = The argument will be displayed
further down.

¢ A more modern method consists in using the Harrison and Kfeps
(1979) and Harrison and Pliska (1981) generalization that allows the
extension of the previous argument to any type of contingent claims,
under some conditions of market completeness (as far as all of the in-
strument affecting the derivative are concerned) that can easily be
summarized as: allowing full replication through dynamic (hence static)
hedging.

¢ Other methods, such as Feynman-Kac, which are being used in mod-
ern finance to integrate Ito’s lemma and derive an underlying pro-
cess under risk-neutralized paths.
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The Feynman-Kac solution of a large class of stochastic differential equa-
‘tions as the probabilistic expectation of a function (under some regularity
conditions on the drift and the variance, see Dana and Jeanblanc-Piqué, 1994
for a clear review) allows operators to use probabilistic methods, rather
than the more burdening (and less intuitive) partial differential equations,
in order to tackle option pricing. More simply, one can price a path indepen-
dent option (and a large class of soft path dependent options such as barri-
ers) as the expectation of the terminal payoff assuming that the asset price
follows a risk neutral diffusion. The solution is then said that

exp (=7 (£ = 1)) E2 [f(S))
for a path independent option, and
exp (=r(t — t)) ER{f(S)/t <}

for a soft path dependent one (like a barrier), with Q the risk neutral proba-
bility measure, f(S) the final payoff function, ¢t the time to expiration and 7
the stopping time (when hitting the barrier). It facilitates Monte Carlo meth-
ods (of averaging the payoffs in a series of random paths). It presents the spe-
cial advantage of allowing the use of numerical integration, a method which
this author finds extremely flexible to program (owing to the widely avail-
able subroutines). Numerical integration can be lengthier in computer time
but saves in considerable programming labor and presents a smaller error
rate. '

The operator can go about his business, provided he can ascertain that
E, (5(t)) is risk neutral.

Ito’s Lemma for Two Assets

It is easy to generalize Ito’s lemma to multiple assets (Table G.1)
The example can be speeded up by showing the results of a function of
two Ito processes and time:

oF dF dF 3°F
dF = — dt + aw, + AW, + ————
ot oW, t o 9W, 2 dW oW,

with o, and o, the volatility of each asset W, and W, and p the correlation
between their moves.

Y
AW, dW,

Table G.1 Two-Asset Ito Multiplication Table

dt dw, dw,
dt 0 0 0
daw, 0 o2 dt p o,0,dt
dw, 0 p o,0,dt ot
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BLACK-SCHOLES EQUATION

The Risk-Neutral Argument

First it is necessary to get the drift out of the equation. Say that the operator
sold a European call C on a dividend paying asset S and bought a bond B
with the proceeds.? The bond pays r, the underlying asset is r, the asset is
expected to return p rate of return. The call is defined as the Max(S-K, 0)
and expires at period ¢.

Say that the operator would remain delta neutral at all times. So he
would have on his balance sheet the following portfolio P composed of:

P=-C+9CHASS+B=0

B=C-29C/oS S

and would have B equal of the difference between the cash raised from the
- call and the dollars invested in the stock S. The portfolio earns interest at
the risk-free rate and earns dividends on the stock held. Setting AP = 0 for
the portfolio to be cash-flow insensitive, gives:

—AC +9dC/3S X AS+AB =0

so, for infinitesimally small increments and using Ito’s expansion:

—aC/ot dt — 8C/3S dS — Y2 3% C/3S%dS? + 9C/9S X dS + dB =0

with
s =S {(ndt + odW)
ds?* = §? (u dt + odZ)* = S?g?dt from the Ito multiplication tables
dB = rB, the interest earned on the bond portfolio (or paid, if negative)

dAB=(rC —0C/oSSr—0C/aSSd)dt =r Cdt —3dC/3S S (r — d) dt
Thus:

—aC/ot dt — 29°C/3S?S%c%dt + r Cdt — 8C/0S S (r.—d)dt =0

aC/at + 129%C /952202 —rC + 9C/AS S (r —d) =0
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One can see dS coming out of the equation, along with w. The only rates left
are the risk-free and the payout rate.

From here on, m will be called the risk-neutral drift, equivalent to r — 4.
The operator can proceed and price the differential equation (10) under
boundary conditions. Or he could integrate the diffusion to yield the same
results as before in (7) but with (v — d) in place of w.:

C=exp(—r(t—1t)) fwmax (S'o exp(r —d) — %2 (t—t)

+ov(t — t) x — Kp) n(x)d(x)

x being a centered Gaussian random variable. The solution for the integral
from here is tedious but only requires slight manipulations. Users end up
with the value of the call, using ¢, = 0 to simplify as:

C = exp( — dt) S§,N(d1) — exp( — r t) K N(d2)

with:
dl = [log(S,/K) + (r — d)t]/[o V] + oVt/2
d2 = [log(S,/K) + (r — d)t]/[oV't] — aV't/2

A numeraire change will easily give the put value. The put/call parity rules
can also be used to derive it as a mirror image to the call.

Following are the formulas and techniques used in the book. Most of the
thrust was on numerical methods as the author—thanks to a Pentium chip
received as a birthday gift—did not need to find closed form solutions to
many of the exotic options and the stochastic volatility model.

Most of the numerical methods implemented were part of a Mathemat-
ica™ Nintegrate command that is based on the Konrod quadrature method.
One integrates between —5 and 5 in lieu of positive or negative infinity as the
error beyond becomes very small. These methods are outperforming in cases
where early exercise is excluded and mix rather well with options priged par-
tially analytically. Being still a trader, the author did not have to subscribe to
academic elegance and drew on the comfort of computer power.

STOCHASTIC VOLATILITY MODEL

It is assumed that both the security and the volatility follow a Brownian
motion. This is to illustrate the effect of heteroskedasticity on option prices.
The process is being used for simple purpose: to gauge the value of the port-
folio at expiration assuming the operator hedged both the delta and the
gamma of the options. It is inspired by stochastic volatility models, such as
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Hull and White® (1987), that did attempt to replicate the volatility in a risk-
neutral way (through the buying and selling of options), akin to the Black-
Scholes method for the asset itself. This formula assumes that there exists a
risk-neutral replication, which allows for Feynman-Kac final payoff pricing.
As the model below assumes independence between asset return and
volatility, a numerical “fudge” is provided that considers that the quadratic
norm of the volatility process

Af_1
o, = t—tof’OUSst

could be numerically computed as one single evolution between f, and ¢.

¢ 1
S,=S5,exp (r —d)(t —t) — % ftoogds+ t—_—t—fioo-ﬁds V(t — ty)z
0

a1 o 1 )
P tof,oo'ids =aoexp(—EVz(t—t0) + VVt-tz)

r is the risk-free rate, d the counterrate (foreign rate for a currency, dividend
rate for a stock, etc.), S, the asset price at time ¢, o(t) the volatility of the asset
at time f; V is the standard deviation of volatility; z and z’" are Wiener pro-
cesses each independent and normally distributed with 0 mean and unit
variance.

For simplification, assume that #, = 0. The no-free lunch rules must be
satisfied:

Eq(S) =J j S(z)n(z')dzdz’ = S e~
Ey o) = f_m on(z')dz’ = o,

n(z) is the normal density function of z with mean 0 and variance 1.
Another simplification is to make the expectation uniform with time, in
order not to include a term structure of volatility. This allows the use of a
model for the values from period ¢ only.
The price of the European option follows:

option(S,, K, o, 1, d, vvol)
= exp (- rf) f_w f_m Max(®$, — ®K, 0)n(2)n(z )dzdz’

With & = 1 when the option is a call and ® = —1 when the option is a
put. The double integral could be simplified by integrating a Black-Scholes-
Merton call over different o,.
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As usual, numerical integration methods are used, using the Mathemat-
ica™ that this author received for the holidays. The table of the results was
presented in Chapter 15.

MuLTIASSET OPTIONS

Take two assets A and B. The risk neutral process will be:

5,(t) =S, exp((r — d, — %GA(t)Z)(t —t) + o, \t— t2)

5,(t) = S, exp((r — d,, — %O'B(t)z(t — 1) + 0, V= (pz + VI = p2"))

r is the risk-free rate; d, the counterrate for asset A (foreign rate for a cur-
rency, dividend rate for a stock, etc.); S ,(t) and S,(#) the asset prices A and B
respectively at time f; o, and o} the volatilities of assets A and B respec-
tively; z and z Wiener processes each independent and normally distrib-
uted with 0 mean and unit variance; p the instantaneous correlation
between A and B.

With the following model, traders can price several varieties of multias-
set options using expectation of final payoff thanks to Feynman-Kac.

To add a third asset C, the same process would take place, but with C de-
pending on a Wiener process.

5.(0) = Sgexp ((r = d. = 3 (0Pt — ) + 0, |t — 1,12)
where L is the (3,1) vector that is the 3™ row of C, the (3,3) lower triangular
Cholesky decomposition such that C CT becomes the correlation matrix of

the returns of the 3 securities and Z is the vector composed of z, z’ and the
additional z”’’ for asset C.

Rainbow Options ’
They are options on two assets with one strike price:
option(S ,,(H), Spy(t), K, K, 0, 04, 7, d,, dp)

= exp( — rf) wa_w Max(®,S ,(t) — @, K,, P S5,(t) — K, 0)n(z)n(z")dzdz’

With @, = 1 when the option is a call and ®, = —1 when the option is a
put, n(z) the normal density function with mean 0 and variance 1. We as-
sume for simplification in the rest of the module that ¢, = 0.
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Outperformance Options

option(S ,(f), Sy(t), 04, 04 1, d,, dy)

=exp (~ )] [ Max(S,() ~ $,8), S,(t) — S (On(2In(z"dzdz’
Spread Options

option(S ,,(#), Sp(t), K, 04, 0, 7, d,, dy)
= exp( -~ rt) - | " Max((@S,(t) — ®S,(t)) — DK, O)n(z)n(z")dzdz’

with K the strike price of the spread defined as S, — S, and ® = 1 when
the option is a call on the spread and ® = —1 when the option is a put on
the spread.

CompPoUND AND CHOOSER ORDER OPTIONS

Unlike before, the formulas introduce a term structure of volatility, interest,
and carry rates. The same univariate process is used as before, with:

K, the strike price of the “mother” options.

®, equals 1 if the mother is a put, —1if it is a call.
t, is the time to expiration of the mother option.

K| is the strike price of the “daughter” options.

®, equals 1 if the daughter is a put, —1ifitisa call.
t, is the time to expiration of the daughter option.

In addition to the conventional models, the following will be included:

o, and o,, r, and r,, d, and d,, respectively the spot volatility and inter-
est rates until the expiration of the daughter and the forward (or for-
ward-forward) between the expiration of the daughter and that of the
mother.

These rates are not the spot rates in the market but need to be derived
using forward-forward break-even formulas, such as the forward volatility
described in Chapter 9.




468 Modules

Compound Options

The compound option will be priced as:

Compound(S,, ®, K, o, 7, d,, ®.K,, 0,, 1,, d,)

LA Al a4

= [ Max(®BS(S, ®,K,, o, 1, d,) — B,K,, On(2)dz

272

with BS a Black-Scholes-Merton vanilla and

1 -
S, =S,exp(r, — d, ~5 o? + o\t z)

Chooser Options

Integrate the Max(Put, Call), using BSP as the Black-Scholes-Merton valued
put and BSC the call keeping the same notations as well as the same notion
of forward-forward interest rates and volatilities between the exercise date
of the mother and that of the daughter:

Chooser(S,, K, o,,r,,d,, 0,,1,,d,)
= f Max(BSC(S,, K, 0., 1,, d,), BSP(S,, K, 0,, 1, d,))n(z)dz

with 1 _
S, =S,exp(r, — d, Y a? + g\t z)

BARRIER OPTIONS

There are two ways to price barrier options. The first, most intuitive, way, is
to approach it through stopping time and say that the option is the Feynman-
Kac expectation under risk neutral probability Q, times the risk neutral prob-
ability of the option not being knocked-out before expiration (which is
equivalent to the probability of stopping time being longer than expiration).
The second, more convenient, is to use the reflection principle as described in
Chapter 19, which allows for simple results with single barriers.

It is worthy to note that the study of the joint distribution of the triplet
(upper range, lower range, Brownian motion) was investigated early on in
probability theory. Its premonition was attributed to a later (and no less
precursor) Bachelier by Geman and Yor (1996). More recent results for op-
tion pricing were obtained by Kunitomo and Ikeda (1992).

Thanks to the reflection principle and the Girsanov theorem, one can
use closed form solutions for barriers. There are two classes of pricing for-
mulas for barriers:
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1. Closed form Black-Scholes-Merton based formulas, unfortunately
weak because they assume constant volatility and constant interest
rates between time 0 and expiration, a method that misprices options
when there is either a sloping implied volatility or interest rate curve.

. Numerical methods, none of which is presently in the public do-
main. They range from heavy-duty Monte Carlo simulators to trees
with accurate local volatility between the nodes.

The Reflection Principle

As described in Chapter 19, the reflection principle allows users to deter-
mine the number of conditional Brownian paths between two points. It will
be used here to compute the risk-neutral probability density of the paths
that reach a given destination without going through the barrier. They will be
the complement (i.e., the sum equals 100%) of:

* The number of paths that reach a destination going through the bar-
rier (the difference between knock-in and knock-out).

¢ The number of paths that do not reach the final destination.

Let W be defined as a standard Brownian motion (0 drift) and / a given
limit underneath it. The reflection principle (see Karatzas and Shreve, 1991;
Grimmet and Stirzaker, 1992; Lamberton andlapeyre, 1991) allows the fol-
lowing transformation:

Wn, = W, if the barrier is not touched,

WA, = 21 — W, if the barrier is touched.

Hence, options can be priced using the difference between the two processes
as described in Chapter 19. However, a hitch would appear if there is a drift,
which forces us to use the Girsanov theorem.

Girsanov’s Theorem

What Girsanov’s theorem allows users is to create a new fictitious probabil-
ity density to replace the previous one, the new density being the risk-
neutral one.* Most presentations of Girsanov present arduous features
whereas, explained to traders, it appears rather simpler to digest once
stripped of measure theory. A stripped-down version of the theorem is pre-
sented here as it becomes a lot less complicated in situations where the drift
is constant.
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The principal result is that it eliminates the drift and, instead,
integrates it within the probability distribution by shifting the expecta-
tion accordingly.

Define W, as a standard Brownian motion with (0 drift and unit vari-
ance) under a probability measure P.

Girsanov’s theorem establishes that the process defined by

W’ =\t + W,

a standard Brownian motion under probability measure (), with Radon-
Nikodym derivative:

dQ,/dP = exp (2 N}t — A\W')

A function V of the payoff of a Brownian motion (i.e., a derivative secu-
rity) will be priced so its expectation under probability measure Q is the
expectation under probability measure P times the derivative of the two
measures:

EQ(V) = EFdQ,/dP V)

EQ(V) = EP(exp (2Nt — \W') V)

With these elements, the reader can build the pricing intuition for bar-
rier options.

Pricing Barriers

The results below are inspired by Douady (1996).
The trader begins with the call up-and-out and builds the intuition of
the pricing:
3
e Call up-and-out CUO = Under probability measure P (risk-neutral),
the discounted, by exp(— rt), expectation of the Max (S — K, 0) as be-
fore with the Black-Scholes-Merton formula, but conditional on the
barrier H, not being touched.

Therefore, the trader should start with S < H; otherwise the option
would be terminated from the beginning. Hence, using Girsanov, the process
W', =1/0log(S,/S,) is a Brownian motion without drift under the probability:

Q= exp(%)\zt - )\W’,) P

withA = (r —d)/oc —0o/2
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Hence,

* CUO = Under probability measure Q, exp(— rt) times the expecta-
tion of the exp(— %2\ — A\ /clog(S,/S,)) times (Max (S — K, 0), condi-
tional on the barrier H not being touched.

* Using the reflection principle, the density of the process (under Q) of
S, is, conditional on the barrier H,, not being touched, equal to that
of the process of H*/S,,

This allows jumping to:

e CUO = Expected (discounted) price of distribution of the S, > K
minus the expected price of the paths that touch the barrier H:

CUO = exp(— rt) (P1 — P2),
with

Pl = fh exp(—% N2t + AVEz) (S, exp(o Vtz — K) n(z)dz
k

h
P2 = fk exp(—%)\zt + AVt z) (S, exp(o Viz — K) n(2h — 2)dz

with
h=(1/(cVt))log (H/S,)
k= (1/(cVi))log (K/S,)
Setting ’
NMN=AN+o=(r—-d/o+a/2
o = (H/SO)ZA/U

o' = (H/S)?"° ’
L SNVE-k

d,=\Vt—k

dy=NVt—h

d, = AVE—h

dg=-A\Vt—h
dg=—-NVt—h
d,= -A\Vt—2h+k
dg=—-NVt-2h+k
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and N(d,) = cumulative normal distribution of d,

f: exp( —% N2t + A\Viz) n(z) dz = N( —-d,) — N(—d,) = N(d,) — N@d,)

f:exp( —% Nt + N'V'tz) n(z) dz = expl(r — d)HN(d,) — N(d,))

f: exp(——;— N2t + ANViz) n(2h — z) dz = a(N(d;) — N(d.))
f:exp(——zlz— N2t + NViz) n(2h — z)dz = o exp((2 —d)H)(N(d,) — N(dy))

This leads to the following formulas.
Calls Up-and-Out.

CUO = exp{( —dHS,{N(d,) — N(d,) — a'(N(d,)
— N(dy))} — Kexp(— rt){N(d,) — N(d,)
— a(N(d5) — N(d,))}

Using the technique, we can extend to all other options.

Calls Up-and-In. Calls up-and-in are synthetically vanilla calls minus
calls up-and-out. Hence:

CUI = expl(=d)t} S, {N(d,) + o' (N(dg) = N(dy))

— Kexp(— rt){N(d,) + a(N(d,;) — N(@d,))}

Puts Down-and-Out. Puts down-and-out are priced like the call wp-and-
out but by an exact change of numeraire, which reverses the sign of the
integral. Hence:

PDO = K exp(~ r H{N(d,) ~ N(d,) — «(N(d,) — N(d)}
— exp(—dt) S,{N(d,) — N(d,) — o'(N(dy) — N(d,)}

Puts Down-and-In.

PDI = K exp(— r {1 ~ N(d,) + a(N(d,) — N(d,))}
— exp(—d)t S,{1 — N(d,) — o' (N(d,) — N(d,)}
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Calls Down-and-Out. Calls down-and-out will be priced in two different
ways: When they are out-of-the-money (i.e., the strike K is higher than H) or

when they knock-out with intrinsic.

Case1l: K= H

CDO, .., = exp{(—DHS,IN(d,) — &’(1 = N(dy)))

— Kexp(— r t){N(d,)) — a1 — N(d,))}
Case2: K=H

CDO, _, = exp{(—d)t} Sy {N(d,) — &’'(1 — N(d,))}
= Kexp(— r){N(d,) — a(1 — N(d,))}

Calls Down-and-In. The same is true with calls down-and-in:

Case1l: K= H

CDI, ., = exp{(—d)t} Sy a'(1 ~ N(d,))
— Kexp(—rt)a(l — N@,))

Case2: K=H

CDI, _, = exp{(—d)t}S,{N(d,) — N(d,) + «'(1 — N(d,))}
— Kexp(— rt){N(d,) — N(d,) + a(1 — N(d,))}

Puts Up-and-Out.
Case: K=H

PUO, ., = Kexp(~7 H{1 — N(d,) - «(N(d,) — N(dy))}
— exp(—d)t 5,{1 — N(d,) — o/(N(d,))}

Case2: K=H

PUO = Kexp(—r ){1 — N(d,) — « N(d,)}

—~ exp(—d)t S (1 — N(d,) — o'N(d)}

K=H

Puts Up-and-In. It is a natural option algebra equivalent to the vanilla
minus the PUO. We know that if 5, > H it will be considered knocked-in
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and would be valued at exactly the same equivalent price as the vanilla option.
Otherwise it will be:

Casel1: K=H

PUI, _ , = K exp(—r H{N(d,) — N(d,) + aN(d))}
— exp(—dt)S,IN(dy) — N(d,) + a'N(d,)}

Case2: K=H

PUIL, _,, = Klexp( — r t)aN(d;)} — exp(—dt)Sy{1 — N(d,) — o' N(d,)}

Rebates and American Barrier Options. The SDF of a barrier cum rebate is
a barrier without rebate (priced with the formulas above) plus an American
binary option.

Calls Double Knock-Out. Geman and Yor (1996) offer a new methodology
based on excursions theory to provide the Laplace transform of double bar-
rier options, which can be inverted using the Geman-Eydeland technique.
Below is the earlier Kunitomo-lkeda model. Use a high barrier H, and a low
barrier H,.

Set:

h,=1/0Vtlog (H,/S,)
h, =1/0Vtlog (H,/S,)
S=h,—h,

Case 1: HL <K<H,

CDBy, <k <un = exp(—dt)$, i LN Vi) - J(\ \/Z)

n=—oo N

— exp(— rt) K i LWV -]V

with
I (x) = exp (— 2nx3) (N(h, + 218 — x) — N(k + 2nd — x))
] (x) =exp{2x(nd + h,)} (N(Zh, — k + 2nd + x) — N(h, + 218 — x))

Note that the summation converges rapidly and —« can be replaced by
—12, + by +12.
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Case2: K=H,

CDBK <Hy = exp(—-dt)SO i I”()\' \/Z) - ]’n()\l \/Z)

n=—oc
o

—exp(—)K > I(AVH -] VY

n=-—o

(same as before) with

I (x) = exp(— 2nx8) (N(hy + 2n8 — x) — N(h,, + (2n — 1)8 — x))
], (x) = exp{2x(nd + h,)) (N(h,, + (2n + 1)8 + x) — N(h, + 2nd + x))

Puts Double Knock-Out.
Case 1: H, <K<H,
PDB,, _y<p, = exp(— ) K S LAVH - (W

n= —

—exp(—dt)S, > L (N V) — (N V)

n=—w
with

I (x) = exp(— 2nx8) (N(k + 2n3 — x) — N(h, + 2n — 1)3 — x))
] (x) = exp(2x(nd + h,) (N(h, + 2n + 1) + x) — N(2h, — k + 2nd + x))

Case 2: H,=K

PDB,, _ =exp(—r) K i LAWY — ] AV

n=-—oo

- exp(—dt)Soi LN VH -] (N VD

n= —«

(same as before) with

I (x) = exp(— 2nx8) (N(f,, + 218 — x) ~ N(h, + (2n —~ 1)8 — x))
J(x) = exp{2x(nd + k) (N(h, + (21 + 1) 8 + x) — N(h,, + 213 + x))

Pricing Double Binary Options. In this book, the author tricked the pre-
ceding formulas for double barriers by pricing for situations where the op-
tion is deep in the money (the payoff becomes equal to intrinsic at trigger
time). Deep calls were selected with strike close to 0.
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Stopping Time and Its Expectation. The author avoided introducing stop-
ping time in the analysis of barrier options in order to build on the intuitive
approach of the reflection principle. Most papers introduce it in the deriva-
tion of the pricing of any barrier. The following formula is the calculation
for the stopping time and its expectation.

Take as before X = (r — d)/o — 0/2 and the barrier h = 1/0 log H/S,,
with H the barrier. The density of the unconditional stopping time is given
with no drift:

P(t) = (h/N2nt?) exp(—h?/2t)
and, adding the drift:
P.(t) = (h/V2m) exp(\h — N2 /2 — K2/2t)

As to the expectation of the exit time, that is the distribution of the mini-
mum of T the exit time and the time to expiration T:

E(+T,) = /N + (T = h/\) N(h/VT = \VT)
— exp(AI)(T + h/N) N(=h/VT = A\VT)

With a double barrier, the following can be computed.
h=1/alogH/S,
I=1/clogL/S,

The following formula provides the density of stopping line (starting
inside the range).

Py () = il eXp(——);—2 ) Zl(—l)" 1y exp(—

2wt
(h — 1)? )

2(h — 12

Y

l
h—1

(exp(N)sin nr h_% — exp(Ah)sin nm )
As to its expectation, the user can break it up
E(mintl,) = E(t,,)— D;

where

E(=

((h — I) (exp(\h) sinh A — exp(A]) sinh Nl) cosh A(h — ])
— (h exp(A]) cosh M — [ exp(Ah) cosh M) sinh A (B — 1)) /Asinh® A(h — )

w) =
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—-uT
1 ___exp( zu" ) (exp(M]) sin ———’;”:hl

nwl
h—1

— exp(Ah) sin )

and
n2m?
u

= —— - 2
Y

NUMERICAL STOCHASTIC INTEGRATION: A SAMPLE

A Mathematica™ Program

This program illustrates a general option pricing method that will gain in
currency as the computer chip war rages on. The author used such integra-
tion techniques to find the numerical expectation of a stochastic integral.

(*Homoskedastic compound options*)

(*Nassim Taleb*)

gauss[x_]: = Exp[—x"2/2]/(Sqrt[2*Pi]);

Gauss[x_]: = (1 + Erf[x/Sqrt[2]])/2;

St{S_,x_,t1_,sig_|: = S Exp [sig Sqrt[t1] x|

(*computing Black-Scholes with no drift*)

d1[S_ k_,sig_t1_]: = (Log[S/k] + sign2(t1)/2)/(sig*Sqrt[t1]);

d2(S_ k_,sig_,t1_]: = (Log[S/k] — sign2(t1)/2)/(sig*Sqrt(t1]);

call[S_ k_,sig_,t1_]: = S*Gauss[d1[S k,sig,t1]] — k*Gauss[d2[S,k,sig,t1]]
put[S_k_,sig_,t1_]: = call[S k,sig,tl] — (S — k)

(*compound option*)

callcallpayoff[S_ k_ kopt_,sig_,x_,t1_,tint_]: = Max[call[S Exp[sig
Sqrt[tint] x] k,sig,(t1 — tint)] — kopt,0]

callcall[S_ k_ kopt_,sig_,t1_,tint_]: = Nintegrate[ callcallpayoff{S, k kopt,
sig,x,t1,tint] gauss[x], {x, —4,4}]

(*for precision-minded people increase the integration band to -6 to 6*)
(*adding the drift is straight forward*)




Notes

PREFACE

1. This represents about 60 transactions per business day and the examination of about
two batches of reports per day (with an average of about 17 different reports repre-
senting the different markets in which I ran option books). The total corresponds to
95,000 trades in the currency options, 30,000 in equity indices, 30,000 in Eurodeposits
(Eurodollars, PIBOR, Euroyen, Euromarks), 1,000 in commodities (live cattle, oil, . . .),
and the rest in swaptions and long bond options. I traded only 2 options on mort-
gages. (I opened and closed the trade disgustingly on the same day).

2. Throughout this book, see Bibliography for full reference citations: See Soros (1987),
Derman (1996).

3. Black-Scholes (1973); Merton (1973).

There are very few books written by practitioners. One notable entry-level text used
by traders is Natenberg (1995). The reader would find the prerequisites to understand
option trading from the standpoint of the “producer” (as opposed to the consumer or
the amateur theorist).

5. This rescaling is compatible with the analytical option pricing formulas, (see Merton,
1973, for the theorems):

Black-Scholes-Merton value V (AS, AK, o, 7, d) = AV (S, K, 0,1, d)

(Black-Scholes-Merton is homogeneous degree one in the underlying asset price and
the strike price.)

It is also homogeneous degree one in S, K, H,;, H,, (H,, is the high barrier, H, is a
low barrier ):

V (S, \K, \H,,, NH,, 0, 7,d) =\ V (S, K, H,, H,, 0,71, d)

INTRODUCTION

1. Leland (1985) provides a clear review of the literature on the issue of discrete timte
dynamic hedging. He shows that the replicating portfolio value, composed of long the
asset and short the option will not be 0 at all times once we start hedging infre-
quently. The reader will see in the Module F that the Black-Scholes price is derived
from a strategy that would make the P/L stay at 0 the entire time. In reality it is not
possible to buy and sell continuously. So in place of the continuous di we opt for Af,
the time lapse between hedging revisions. The P/L will be, however, 0 in expectation.
The variance of the package, he verified, decreased by V2 when At was cut by half.
Similar results can be obtained using the functional central limit theorems by show-
ing that as the sample paths is divided in infinitely small fragments the variance of
the P/L would (uniformly, no less) converge to 0.

One alarming fact for modern financial theory is that the package has a variance.
It looks just like any other risky security. In other words: option replication has risks,
which requires compensation.
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Notes

CHAPTER 1 INTRODUCTION TO THE INSTRUMENTS

Trading them, however, can be done in such a way as to cause dependence on the cor-
relation between parts and make them akin to multiasset options.

The bond future includes a hidden option (the right to choose).

Dixit and Pyndick (1994) study the application of option theory to corporate financial
management.

Most traders think in terms of the forward while the quants think in terms of the cash
since the Black-Scholes (1973) formula views an option price as a function of the cash
price of the asset. Merton’s (1973) approach is more compatible with traders’ meth-
ods. This distortion can lead to mishedging in cases of currency bands.

American options complicate the solution of the Black-Scholes-Merton partial differ-
ential equation under, among other boundary conditions, the early exercise rules of
Q(#), an optimal exercise path where the derivative security is equal to ¢$(5 — K). Such
time-dependent boundary condition is causing much ink to flow. Worse, there might
be two boundaries as will be shown.

More complex analysis would use stochastic interest rates and take into account the
possibility of changes in the structure of the interest rate differential. On that, see
Amin and Jarrow (1991) for a treatment of currency option pricing with stochastic in-
terest rates.

There is, ironically, a flood of academic papers attempting to value American options
precisely while parameters affecting their value are imprecise.

A simple application of Ito’s lemma gives these results.

By convention, any rate r in this book will be the continuously compounded zero
coupon rate. .

While Eurodollars are quoted in 100 — yield for all purpose of analysis (like the com-
putation of volatility and correlations), we use the derived yield as the variable.

CHAPTER 2 THE GENERALIZED QPTION

In Durett (1991).

J. Piper, O'Connel, and Piper seminar, Chicago, December 4, 1995. It is remarkable
that some veteran equity traders fear the “bad distribution” to the point of refusing
to touch a put. Such phobias are part of the traders survival toolkit.

More advanced analysis would show that it harbors a measure of shadow gamrﬁa and
shadow delta, characteristics that will be discussed later in this book.

CHAPTER 3 MARKET MAKING AND MARKET USING

This case is easily replicated in the real world where the trader buys a one-year at-the-
money European binary option for $2.5 mil paying either zero or $5 mil at expiration if
the SP500 closes at or above 668.00.

See Grossman and Miller (1988).
See Ho and Stroll (1980); Silber (1984); Garman (1976) and O’Hara (1995) for a review.
See D. Guillaume et al. (1995), Roll (1984).
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Sampling of six currency market makers by the author, June 1995.
See Feller I (1968).
A clear way to view it is to compare the P/L of a trader to a Brownian motion with a
drift. The real “skills” of the trader would correspond to the drift.

Let P be the profits of the trader, with P, =0, Z a Wiener process and o the
volatility of the trader’s P/L:

dP = p dt + odZ

an arithmetic Brownian motion (the P can be allowed to be negative). The reader
should view the p as the “edge”; if he believes he has a 51% against 49% edge on the
market during a given period of time, the drift is 2% of the net amounts involved. The
o is simply the volatility of the market in which the trader has the drift. It becomes
clear that the volatility of the trader will dominate the drift in most cases. Counterin-
tuitively, the o will typically drown the p.

Private conversation with the author, New York, April 1996.

See Dubins and Savage (1965). Also see Billingsley (1986).

A submartingale (the expected wealth next period is higher than that of the
present).

A supermartingale (the expected wealth next period is lower than that of the
present).

See Feller I (1968).

In one of the essays in Taleb (1997), I show that traders subjected to a stop loss pre-
sent a high-right moment, a skewness with a small sample property that weakens the
power of the Sharpe ratio.

CHAPTER 4 LigQuipiTYy AND LiQuipiTy HOLES

There is an abundant market microstructure literature. The goal in this chapter is to
portray liquidity from a practitioner’s vantage point.

See the excellent and comprehensive review in Brock and de Lima (1995).

See Brock, Hsieh, and LeBaron (1991).

A Markov process is formally defined as: P(X, = s/X0 =x, X, =x,... X, _,=x,_,)
=P(X,=s/X,_,=x,_,) for all n = 1. It means that the conditional probability of
the next price X, depends only on the price preceding it, not the sequence of pgices
that led there.

At the time of this writing, it is five minutes of suspension if the open is within 500
points from the previous close, then half an hour if it is within 2000 points, then until
the end of the session if the market hits the 3000 points third limit.

See Leland (1992).

Grossman (1988) distinguishes between strategies and securities and shows how an
Arrow-Debreu state of nature cannot be replicated dynamically. Because of the way
trades convey information, a real option will therefore present a different payoff than
a program traded replication.

Implicit bid-offer spread is the true bid offer spread, and is wider than the visible, or
explicit, bid-offer spread. It corresponds to the adjustment of the prices upward or
downward in response to a large order.
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CHAPTER 5 ARBITRAGE AND THE ARBITRAGEURS

These are applied definitions of arbitrage largely stripped of the dimension in micro-
economics and financial theory. The text will introduce the notion of self-financing
strategies in connection with option values.

Oxford English Dictionary (1971).

If there is a multivariate Ito process then the link is stochastic (see Module G) in
terms of Z, through Z . If both securities share the same random component, then the
link is deterministic.

It is uncertain whether one can use risk neutral probabilities when pricing the value
of a passive arbitrage.

CHAPTER 6 VOLATILITY AND CORRELATION

The simplification is pedagogical but valid at the limit of very small increments. The
process for asset prices dS/S = p dt + ¢ dz with boundary 5(¢)) = S, has for solution
log (5,/5,) = (u —ha?)(t ~ ty) + o VEt—tZ hence 5, =5 exp ((n— Yo?)(t - ty) +
o Vit — t,Z)) with S the asset price, o the volatility, t time, and Z a random variable
normally distributed with unit variance and zero mean.

Some assets, according to Raphael Douady, can exhibit overgeometric behavior, with
their volatility increasing in higher levels and decreasing at lower ones.

See Cox and Rubinstein (1985).

Some traders use p, the risk-neutral drift in a commodity, as a mean, in accordance
with the Black-Scholes-Merton prescription.

See Hamilton (1994) for a presentation of state-space models.

See Parkinson (1980); see Atilgan (1996). Notice that Cox and Rubinstein (1985) calcu-
lates the estimation of volatility based on the average 5,,/S,, which biases the estima-
tor downward by a factor of 91%.

Option traders call gamma trading the subsequent delta adjustments emanating from
a long or short gamma position.

See Taleb (1996b).

Lo and McKinley (1988).

There are many potent methods, such as the Brock-Dechert-Scheinckman BDS test of
nonlinearity. The variance ratio is satisfactory enough for traders and risk managers
to gain a knowledge of the structure of the volatility. See Brock, Hsieh, and LeBaron
(1991) for a complete analysis of nonlinear dependence (including a presentation of
the correlation integral).

See Kritzman (1994).

One should note that the variance ratio is another way to look at autocorrelation. It cor-
responds to the summation of the autocovariance function over the corresponding lags.
For a good intuition, see Harvey (1993) and the excellent book by Bloomfield (1976).

CHAPTER 7 ADAPTING BLACK-SCHOLES-
MEerTON: THE DELTA

See Black (1988).

If pair (N, A) has a constant volatility (N is a numeraire) and pair (N, B) has a constant
volatility, and pair (B, A) has a constant volatility, then the correlation between (N, A)
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and (N, B) will be constant. When cross options trade heteroskedasticity means un-
stable correlations.

This is attributable to the issue of discrete-time convergence. Options, therefore, con-
verge in value to Black-Scholes-Merton but not in the higher derivatives.

This is another facet of the discrete-time convergence problem. A binomial leads to a
continuous time valuation of the option. But the delta and higher Greeks will not con-
verge. This issue is easier to see with a portfolio of options.

2 \ s U? 6 \aolu®

The Taylor expansion thus can be pushed to include, in addition to the delta, the
gamma—the DgammaDspot (i.e., the stability of the gamma) in the measurement. But
for a portfolio with many options, the expansion needs to cover higher and higher
order derivatives to track the risks. It becomes intuitive that the VAR does not apply
to a book. We will see in Chapter 11 why, since a book is not “compact” and since
higher orders or AU do not vanish, we need more powerful ways to look at the risks.

2 3
Cash equivalent position = Z—% AU+ L (8 < )ALI2 + 1 (a < )Alﬁ etc.

CHAPTER 8 GAMMA AND SHADOW GAMMA

I owe the coining of the term “shadow gamma” to one of my former coworkers, Lenny
Dundennen.

Sig(x) is the change in volatility resulting from the changes in asset price between x,,
and x.

Shadow gamma should not be confused with stochastic volatility techniques. Implied
volatility here is defined to be a direct, deterministic function of the move as predicted
by the trader and added to Black-Scholes-Merton. Traders can thus assert that volatil-
ity would be higher by 100 basis points should the market drop by 1% and establish a
map of volatility changes. Another way to view the difference is that shadow gamma
is concerned with implied volatility (as measured by Black-Scholes-Merton), whereas
stochastic volatility is concerned with a pricing model that tracks more accurately the
distribution of the actual volatility. The latter assumes that volatility is randomly dis-
tributed around some mean, similar to the underlying itself, often correlated with
the asset price.

Organization for Economic Cooperation and Development
European Rate Mechanism.

CHAPTER 9 VEGA AND THE VOLATILITY SURFACE

It is assumed that one Brownian motion affects the volatility for one maturity and
that the rest of them follow in some known proportion.

Taleb (1996a).

The author’s strong reservations about the value-at-risk system do not apply to the
volatility curve for the following reasons: (1) This method is an aid in short-term
hedging not worst-case scenario analysis. In the “tail” events, volatility buckets mat-
ter less than the gamma exposure getting there. In addition, the cross-vega generally
vanishes in the tails; (2) this could be considered a second-degree value-at-risk method
since the principal instrument is the expectation of the second moment.

This corresponds to the floor traders’ designation of calendar spreads as “horizontal”
and strike spreads as “vertical,” with the mixture called “diagonal.”
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The local volatility is the volatility between two points with coordinates (S, t) and
(S + AS, t + At). A local volatility between (S, t) and (S, t + At) is called a forward
volatility, as discussed earlier.

Dupire’s (1996) volatility spot forward is expressed as V/(23F/at)/(#*F/3K?) with K
the strike price, F the derivative security value, and ¢ time to expiration. The second
derivative of the option price with respect to the strike presents what Breeden and
Litzenberger (1978) deemed to be the local risk-neutral density of the underlying
asset.

Some operators build the volatility surface as a function of the delta of the option in-
stead of the spot/strike. We avoided the pitfall of having to determine the delta as it is
well known that the delta is a function of volatility.

The following polynomial function was estimated:
x: time (days), y = In{fwd/K)
Volatility = 11.9257 + 0.110067 Sqrtlx] + 5.77624 y + 350.516 y ~ / Sqrt[x]
+153.843 y2 — 1088.23 y* — 1805.65 y* + 21942.8 y°

CHAPTER 10 THETA AND MINOR GREEKS

For the pair numeraire-asset.

It is always preferable to derive the numerical, not the analytical, exposure for the
rho. The analytical exposure would sum up the microscopic derivatives of every op-
tion multiplied by the size. The numerical method reprices the portfolio and can thus
deal with changing derivatives. )

This section can be skipped at first reading.

It can be computed using the classical Black-Scholes-Merton differential equation
(eliminating the drift):

V _ 1 L8V
at PR

To bridge the alpha with fair value, the trader can consider that the expected theta
given a volatility would be negative where one “pays.up” for the alpha. Expected
theta for a Black-Scholes-Merton hedger is the net of time decay after hedging in a
market of a given volatility. Using 6 as time decay, I' the gamma, « as the alpha, o as
implied volatility, and ¢’ as actual over the period, we get the expected theta:

E(0) = a(o) I'(o) — a(c’)[(a") b

We see that expected time decay is positive if o' > ¢ and negative if ¢’ < 5.
This section was added because it came to the author’s attention that traders tend to
use these measurements, not because of their risk management value.

Mathematical Note. The percentage difference is inaccurate for large moves because of
the asymmetry in lognormal markets. It is more mathematically correct to use Log
(spot/barrier). The difference becomes larger when the barrier is away from the
money.

Gamma is a special case of convexity (i.e., convexity with respect to the asset price).
However, its precision required presentation in a separate section.

Using the best fit method given the limited number of points, the author found:

Factor = 1.30825 — .03789 x + .0007419 x?, with x the maturity (in years).
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The mathematical way to price such a convexity is through Ito’s change of variable as
described in Module G. There is an Ito term in the payoff of the Eurodollar. The Eu-
rodollar futures could be interpreted as a function of a random variable with a payoff
equal to dr X exp {r(t — to)} with the random variable r following a Brownian motion.

CHAPTER 11 THE GREEKS AND THEIR BEHAVIOR

This topic is necessary for the study of exotic option structures.

CHAPTER 12 FuUNGIBILITY, CONVERGENCE, AND STACKING

Again, this topic is presented from a practitioner’s perspective, not from a theoretical
viewpoint.

The ensuing academic dispute provides a rather interesting, if not entertaining ex-
change for traders. On that, see Culp and Miller (1994), Canter and Edward (1995).

CHAPTER 13 Some WRINKLES OF OPTION MARKETS

A quarterly option on a future is one whose expiration corresponds to that of a fu-
ture. Otherwise, the option is called a serial option on futures.

There is another type of barrier—the absorbing state—from which one cannot exit. A
trader who has a bad run knows he has hit the absorbing state when clearing firm
representatives show up in the middle of the pit to take away his trading privileges
(sometimes they require the help of security guards to draw the hapless trader out of
the pit).

Mathematical Note. If we bound a random walk to W, <W__ . It becomes clear that as
W, becomes close to W,__, volatility needs to drop for the market to remain in a “fair”
game. Another solution is for the market to have excessive skew.

Flood and Garber (1992) demonstrate how stabilizing exchange rates lead to an in-
creased interest rates volatility.

Confirmed by two major brokerage firms, Tradition Financial Services and BCMG,
about their volume in New York, Singapore, London, and Tokyo. !

CHAPTER 15 BEWARE THE DISTRIBUTION

Heteroskedasticity for a normal distribution leads to a fourth moment higher than 3
times the square of the second moment.

See Hull and White (1987). To make the volatility process risk-neutral, we can safely
assume the existence of a volatility future contract.

I studied in Taleb (1997) the dynamics of a generalized switching regime process.
Let X, = Log(P/P, _,), the natural log-returns between time ¢t — A, and time ¢ of
an observed variable P,.
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Let X,, ~ N(m,, ¢}), in other words the associated price P,, follows a geometric
Brownian motion with mean m1 and variance o, since dP,/P, = m dt + o, dW, W a
unit variance-zero mean Wiener process.
and X, ~ N(m,, 0,%)

The random variable X, is then said to follow a Brownian mixture of X, and X, if:

* X, = X,, with probability p

* X, = X,, with probability (1 - p)

This note simplifies the Markov chain by assuming that p (and 1 — p) are the er-
godic probabilities (i.e., the long term average spent in any of the two states).

The moment generating function defined as @ (s) = f,e™" p(x) dx becomes the
mixture of the m. g. f. of X, and X,. ® (s) = p @, ,(5) + (1 — p) P, (5). See Feller (1971)
for the theorem.

Since X, and X, are both normally distributed:

@, (s) = exp(m,;s + 2 0l s?)
and

D, ,(s) = exp(m,s + 20} s?)
then

Denoting ®' " the nth derivative of ®, and p, the n"* moment we obtain the fol-
lowing:

e, =0 (0)=mp+m(l - p)o,

s =00 =pal+(A-p)o}+pmi+(l-p)m]

* p, =940 =3pof +3(1 —plof+pmi+ (1 —pm}+6pmlal +6mil —p)o?
From which we see the “fatness of the tails”. When o, # ¢, and pe(0,1), p,/p.3 > 3.
The constant elasticity of variance linking asset prices to their volatility seems to ex-
plain some of this behavior. However, the analysis is static. It is concerned with ab-
solute levels, not changes in levels. See Cox (1975); Beckers (1980); or MacBeth and
Merville (1980).

CHAPTER 16 Orr1iOoN TRADING CONCEPTS

See Derman (1995).

The matching cannot be perfect. It is necessary, therefore, to establish a cost function
(typically the quadratic norm of the difference) and minimize it. In addition, some
weights can be introduced to reflect the importance of the parameter risk.

To use market maker jargon, “below sheets.” “Sheets” are spreadsheets with theoret-
ical value that market makers carry on the exchanges. Below sheets means below the-
oretical value (assuming no shift in parameters).

This is analogous in probability theory to the Brownian bridge where possible paths
are examined conditional on a final arrival point.

Assume, for simplicity, that the forward trades at flat with the spot and that the
owner of an option incurs negligible carrying costs.

CHAPTER 17 BiINARY OPTIONS: EUROPEAN STYLE

This resembles the Breeder-Litzenberger (1978) argument, where the infinitely
narrow butterfly (the call spread being purchased against another one being sold)
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is Ctk+h) — C(k) — ( —C(k — h) + C(k)) = C(k + h) + C(k — h) — 2C(k). At the limit,
the entity becomes the second derivative of the option price with respect to the
strike.

The bet is the derivative with respect to the strike. Since

_aC aC _aC iC oK)
dC ="k 4K+ 5o 20 = 4 dKY 5000 Tak

dK

CHAPTER 18 BINARY OPTIONS: AMERICAN STYLE

Howard Savery’s rule of thumb is that the American digital will be roughly twice the
European. The reason is that in at the money American will be worth $1 (it termi-
nates) while an European is worth $.50. This relationship will “contaminate” to lower
prices.

CHAPTER 19 BARrrIier Ortions (I)

The reader should be acquainted with liquidity holes (Chapter 4) before proceeding.

Advanced Topic. (It is recommended that the reader practice the skew decomposition
method of the binary option prior to further reading of this section.)

See Grimmet and Stirzaker (1992); Karatzas and Shreve (1991).

The stickler can use an up node of exp {{(a — Y20)t} and a down node of exp {(— at)} sat-
isfying both risk neutrality and lognormality. Again there is no point complicating
such exercise with true lognormal moves. Alan Brace told the author: “communication
is more important than accuracy.”

See Dupire (1992, 1993, 1994, 1996), Rubinstein (1994), and Derman and Kani (1994).

CHAPTER 20 BARRIER OrTIONS (IT)

A thorough understanding of American binary options is necessary before proceeding.

CHAPTER 22 MUuULTIASSET OPTIONS

The matrix needs to be symmetric and positive definite.

Lee Stulz (1982).

See Margrabe (1978).

Mathematical Note. Since the exercise aims at finding sensitivity, not prices, it is possi-
ble to set aside the lognormality issue. The correlation vega does not vary markedly
after an adjustment in the stochastic process. Only the odd moments (the ones linked
to the skew) will be truly affected.

See Taleb (1997).

The devaluation risk is excluded in pricing; therefore the operator would focus on the
option without the component.
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CHAPTER 23 MINOR ExoTIiCS: LOOKBACK AND
AsiaN OprTIONS

See Goldman, Sosin, and Gatto (1979).

Given the fluidity of market designations, the term Asian may bear some other mean-
ing in some circles.

For an interesting approach to the problem, see Geman and Yor (1993) where the aver-
age of a geometric Brownian is decomposed in a series of subordinated Bessel processes.

MobDULE A BROWNIAN MOTION ON A N
SPREADSHEET, A TUTORIAL

This applies to any other spreadsheet program, provided the cells are respected.

Module D provides an explanation for the restrictions on the matrix, the equivalent of
volatility having to be positive.

MobpuLE B Risk NEUTRALITY EXPLAINED
See Cox, Ross, and Rubinstein (1979).

See Harrison and Kreps (1979), Harrison and Pliska (1981).

MobpuLE C NUMERAIRE RELATIVITY AND THE
Two-CouNTRrRY PARADOX

See Geman, El Karoui, and Rochet (1995).

Such a method allows the pricing of puts as calls with the numeraire flipped.
This section can be omitted without any loss of the substance of the paradox.
For a definition of a convex function, see Chapter 1.

Changes of numeraire are used with term structure models as “glue” where every
maturity uses the preceding forward as a base for the stochastic process.

MoDULE D CORRELATION TRIANGLES:
A GrArHIcAL CASE STUDY

See Geman and Souveton (1996); Margrabe (1993).

MopuLE E TuHE VALUE-AT-RiISK

A trader translation: “when it goes it keeps going.”

See Markowitz (1959) for the breakthrough in minimum variance portfolio selec-
tion and the birth of modern portfolio theory. See Ingersoll (1986), Huang and
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Litzenberger (1988), or the more accessible Elton and Gruber (1995) for a descrip-
tion of the notion of mean variance.

Similar to the VAR is an excellent technique called “generalized pairs trading,” a short
term trading method where, conditional upon the return vector R, = {r, »,, ..., 7} at
time t of securities a vector X, = {X, X,, ..., X} of security prices where a multivari-
ate diffusion is assumed, one can find a linear combination a = {a, @,, . . ., & } maxi-
mizing the conditional probability of making a profit on a portfolio o (X, - X, )
where o is the transpose «, if the market diffused properly between (¢t — At)
and (¢t + Atf). In other words, the trader can thus detect which securities at times f
behaved as an outlier with respect to the covariance matrix between securities as
know at period t — At and take action, hoping that this would correct by next period
t + At. If two assets assumed to behave alike (that is highly correlated) parted way,
there might be a trade (assuming no new information) with the certainty of a profit
potential higher than 97%. The trader can buy one and sell the other if he attributes
the statistical divergence to some liquidity factor. Unlike the VAR, such technique,
handled by the professional, is impervious to a large amount of tail events as it fore-
casts the “body” of the distribution, not the rare occurrences.

This rule was inspired by a conversation with Raphael Douady.

There will be a combination of assets with negative volatility.

MobuLE F PROBABILISTIC RANKINGS IN ARBITRAGE

See Rothchild and Stiglitz (1970) for the presentation of the difference between the
“risks” of two instruments.

MopburLe G OrpTtION PRICING

More formally, W is a Wiener process. Uncertainty about the process is represented
by a filtered probability space “quadruple,” {{}, P, F, F} where Q is the probability
space, P the objective probability measure, F a o-algebra (or, in this instance, a Borel
tribe, which consists in a collection of all subsets of {) which includes the empty set,
all countable unions and all complements of subsets in ), F, the filtration, the set of
information about the process known at time t (which includes information known at
all previous times), such that F,CF_whenever t < s.

See Billingsley (1985) for a pedagogical presentation of measure theory, Dotltan
(1989) and the excellent and comprehensive Duffie (1996) for applications to fi-
nance. The reader will see a clear presentation of stochastic integration in Oksendal
(1995).

See Black and Scholes (1973); Merton (1973).

For further discussion of stochastic volatility techniques, see Scott (1987) and Bates
(1993).
The results here are inspired by Douady (1996).
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Note: Bold numbers indicate the page on
which the definition of the term is found.
Bold italic page numbers are Option Wizards.

Dupire-Derman-Kani technique, 344-345
exercise (adding the puts), 346
first exit time, 339

Accounting, nonparallel, 249-250
Accounting systems, and arbitrage, 85-86
Advanced shadow gamma, 142
Adverse selection, 60-61
Alpha, 113, 178-181, 178. See also Greeks
American options, 18, 24-29, 37, 231, 295-311
binary, 295-311
and bucketing, 231
forward delta, 22
hard, 21, 25-26, 25
soft, 21, 24-25, 24
that nobody ever exercises, 29
Amortizing interest rate securities, 85, 309
Arbitrage, 80-87, 80, 453-458
and accounting systems, 85-86
credit arbitrage, 86
deterministic relationships, 82
distributional, 291
duration of, 8485, 84
and fungibility, 212
legal arbitrage, 87
mechanical vs. behavioral stability, 8§1-82
nonmarket forms of, 86-87
orders/levels of (Table 5.1), 81
passive, 83-84, 83
probabilistic rankings in, 453-458
squeeze, 84
tax arbitrage, 86
and variance of returns, 87
Arbs (market participant), 48
ARCH (autoregressive conditional
heteroskedasticity), 102-103, 142, 241
E-GARCH (exponential), 102
GARCH (generalized), 102-103
GARCH gamma, 142
N-GARCH (nonlinear), 102
SWARCH (switching regime), 102

Girsanov, 339, 469-470
knock-in options, 317-319
knock-out option, 312-316, 312
and liquidity vacuum, 72-73
and path dependence, 47
pricing, 343, 470-477
calls down-and-in, 473
calls down-and-out, 473
calls up-and-in, 472
calls up-and-out, 472
and Parkinson number, 104
puts down-and-in, 472
puts down-and-out, 472
puts up-and-in, 473-474
puts up-and-out, 473
put-call parity rule, 252-253
put/call symmetry and hedging of, 323-331
reflection principle, 336-339, 469
regular, 312-346
reverse, 347-361
knock-out, 347
risk reversals, 323
risks, primary/secondary (Table 1.4), 35
rules, ranking of securities, 454
single volatility fudge, 343-344
skew environments, barrier decomposition
under, 331-335
stopping time, 339
time, effect of, on knock-out options, 339
variance ratios, 345-346
volatility, effects of, 319-321

Basket(s)/basket options, 13, 82, 383, 391

Asian options, 408411

correlation vega of (Table 22.2), 394

in diagram, classification of derivatives (Figure
1.1), 10

rule, 54

and stacking, 220 -

ArcSine law, 66, 407, 408

Aristotle, 13

Arrow-Debreu price, 15

Asian options, 35, 47, 271, 272, 408-411, 408
Asymmetry option hedging costs, 78, 203
Asymptotic delta, 206, 207

Asymptotic vega test, 201

Augmented volatility, 77

Autocorrelation of price changes, 58, 59, 79

Behavioral stability, 81
Bermudan option, 18
Bet options, 273. See also Binary options
(American); Binary options (European)
Bets, higher moment, 264-265
Betspreads, 292-294
Biased assets, 73, 142, 143, 201, 248, 400
and convergence, 216-217
simplified two-regime world for (Table 15.2),
249
and skew, 245-252
Binary option, 274
American, 295-311, 295
double, 307-311
put-call parity rule, 253
Barrier(s), market, see Market(s), barriers single, 295-307
Barrier options, 79, 308, 309, 312-346, 347-375, trading and hedging, 272
467-477 European, 273-294, 274
categories of (Table 19.1), 313 bet contract, 278
and delta, 117, 126-127, 128 forward and spot bets, 278-279
double, 362-368, 362 spot bet, 278
drift, adding (complexity of the forward line), conclusion (statistical trading vs. dynamic
321-323 hedging), 289-290

Bachelier, Louis, 91, 111
Band, currency, 225
Barrier(s), 36, 43

high barrier, 43

low barrier, 43
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Binary option (Continued)
contingent premium options, 290-292, 291
hedging with a vanilla, 275
mixed convexity of (Figure 17.1), 275
put-call parity rule, 253
skew, pricing with the, 279-289
difference between binary and delta (delta
paradox), 284-286
Dirac delta, 284-287
first hedging consequences, 286
formal pricing on the skew, 281
gamma for a bet, 287-289
skew paradox, 282-283
trading and hedging (things to understand), 272
Binomial tree, 175, 176-177, 256, 336, 345
Black Scholes derivation, 461-464
Black-Scholes-Merton, 1, 2, 77, 88, 107, 111, 139,
146, 177, 197, 198, 239, 259, 279-280, 428
as an almost nonparametric pricing system,
109-114
assumptions, and the real world, 109-114
Greeks:
corrections to for use of, 112-113
delta, 35, 112, 115, 115-131. See also Delta
gamma, 11, 112, 132, 132-146. See also Gamma
minor Greeks, 171-181. See also Alpha; Omega;
Rho
theta, 112, 167~171, 167. See also Theta
vega, 112, 147-166, 147. See also Vega
Bleed, 36, 191-197, 191, 228
Bollerslev, T., 102
Bonds with negative/positive carry, and hard early
exercise, 26
Book, 148, 149
trading, vs. trading an option, 148-149
Book runners vs. price takers, 48-50
Boost, 189, 190
Borel-Cantelli Lemma, 64
Brownian motion, 73, 191, 345, 415-425, 464
arithmetic, 92
extrema, 407
geometric, 89, 111, 128, 130-131, 284, 336
vs. arithmetic, 89-92
memoryless, 73
on a spreadsheet, 415-425
Bucket(s)/bucketing, 36, 127, 174, 229-232, 229
American and path-dependent options, 231
and Asian options, 411
and delta, 127
European options, 229-231
forward or forward-forward, 231-232
static straight, 229-231
straight, 229
Bucket vega, 157
Burnout, trader, 60
Butterfly/ies, 292
convergence, 214
profile (Figure 1.4), 23
put/call, 23
stack, 218, 219, 221

Calendar, smile, 27-29

Calendar rules, and ranking of securities, 454

Calendar spreading, 272

Call option, 18, 472-473

Caplets, 34, 382

Capped index option, 365

Caps, 34, 40

Caption, 382

Carry, 295. See also Convergence
correlation between interest rates and, 252
“hogs,” 216

Case studies:
at-settlement, 306-307
betspreads, 292-294
indexed notes, 395-402
knock-out box, 348-355
multiasset bets, 294
nasty path (Table 16.4), 269
National Vega Bank, 298-299
path dependence of a regular option, 265-270
Syldavian elections, 145-146
worst-case scenario for a delta hedger, 270
Chaos theorists, 246
Charlatanism, 445
Chicago Board Options Exchange (CBOE), 38
Choice (multiasset options), 383, 384-390
rainbow options, 384
Chooser options, 380-382, 380, 467, 468
Circuit breakers, market, 74
Cleared market, 374
Cocteau, Jean, 1
Commodities market, and primary/secondary risks
(Table 1.3), 34
Commoditized products, 50-53
Commodity Futures Trading Commission, 57
Communication problems, traders/quants, 5
Compact distribution, 202
Compound options, 203, 376-379, 376, 467, 468
and primary/secondary risks (Table 1.4), 35
put-call parity rule, 253
uses of; hedging barrier vega, 379
vega linearity; costs of dynamic hedging, 378-379
Condors, 292
Contamination principle, 9-10, 14-15, 20, 295, 457
Contingent claims, 16-20
Contingent premium options, 290-292, 291
Continuous/discontinuous payoffs, 41-42
Convergence, 83, 213-217
~ and biased assets, 216-217
butterfly, 214
convergence trading, 213
and convexity, 216
first-order, 214
leveis of convergence trading, 216
mapping, 215-216
second-order, 214
and volatility, 216
Convexity, 11, 14-15, 113, 183-190, 183. See also
Contamination principle
of a bond to interest rates (simplified), 184
changes (third order curve shift), 162
and convergence, 216
correlation rules, 457
general rules, 458
interest rate (modified), 188 )
middlebrow, 185
modified, 183, 185, 187, 188
for a nonlinear derivative, 185
of an option to the underlying asset, 184
vega, 184, 303-305
Correlated siblings, 45
Correlation, 88-101, 88, 239
actual, 88
calculating historical, 92-94
constant (“no such thing”), 97-99
convexity rules, 457
delta, 113
family of exotic options, 363
filtering, 95~97
implied, 88
interest rates and carry, 252
Parkinson number, 101-107
rules, and ranking of securities, 455



triangles, 88, 438-444
variance ratio method, 101-107
vega, 386
Countercurrency, 431
Covariance bucket vega, 153
Covariance matrix, 271
Covered writes, 351
tock delta for, 205
Cox, ]., 114, 177, 188, 372
Crash of 1987, 27, 74, 76, 97
Credit:
arbitrage, 86
and futures/forwards, 30
rating, arbitraged, 85
risk, 311
rule, 264
Cross-currency, 82
Cubic spline, 172
Currency(ies). See also Correlation, triangles;
Numeraire
as assets, 250-251
band, 225
book, and classification of risks, 33
cash position, mapping convergence for, 215
exposure, 82, 83
forward, mapping convergence for, 215
market, and primary/secondary risks {Table 1.3), 34
Curvature, 183. See also Convexity
Customer flows, 54

D, 191
Dana, R., 462
Dangerous trades; unhedged vs. mishedged, 361
Ddelta-Dspot, 191
Ddeltadvol, see Stability ratio (Ddeltadvol)
Decay, 179
exponential, 95
trader, 52
Decomposition, and replication, need to
distinguish between, 256
Delta, 36, 112, 115, 115-131
adjustments, general option, 104
and barrier options, 126-127
bleed, 191-197, 191, 228
and bucketing, 127
characteristics of, 116
confusion (by cash or by forward), 123
continuous time, 116-121
of the delta (second moment), 202
difference between binary and, 284
first moment, 202
forward, for European option, 22
of the gamma (third moment; skew), 202
gap, 300
and hedge ratio, 116-121
hedging reverse knock-outs, 356-361
for linear instruments, 123-126
lock, 204-205, 204
modified, 36, 118, 120
paradox, 284
as risk measure, 121-123
and shadow gamma, 140
soft vs. hard, 262-263
hard delta, 262
soft delta, 262
in the value at risk, 127
and volatility/extreme volatility, 127-131
DeMoire-Laplace, 417
Derivatives, 9-12, 9
classification of (Figure 1.1), 10
linear/nonlinear and convex/concave (Figures
1.2A-D), 12
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noncontingent time-dependent nonlinear
derivatives, 16
nonlinear derivative, 9
test of local linearity, 11
time-dependent linear derivatives, 13-16, 13
and VAR (not applicable), 451
Derman, E., 344, 345, 373
Derman’s method, 256
DeRosa, D., 123
Deterministic relationships, 82
DgammaDspot/Dgamma-Dspot, 118, 191
Digital derivatives, 273. See also Binary options
(European)
Digital (discontinuous) and ramp (continuous)
payoffs, 41
Dimension of the structure, 43-45, 43
Dirac Delta, 285, 286-287, 373
Distribution:
compact, 202
“beware the,” 238-255
skew, see Skew
tails, see Tails
Dollar variance test (Figure 17.14), 290
Douady, R., 470
Double barrier option, see Barrier options, double
Double binary options, see Binary options
(American), double
Double bubble, 190
Double knock-out, 474
Drift:
adding (complexity of the forward line),
321-323
constant/known (assumption of Black-Scholes-
Merton), 111
and risk neutrality, 427-430
Driftwood effect, 407
Dubins, L., 65, 66
Dubins-Savage optimal strategy, 65-66
Dupire, B., 164, 344, 345, 373
Dupire-Derman-Kani technique, 344-345, 373
Duration of arbitrage, 84
Dvega-Dspot, 191
Dynamic hedging, 258
with Black-Scholes-Merton, 169
introduction, 1-5
real world (principles of), 1-3
vs. statistical trading, 289-290
worst-case scenario, delta hedger, 270

Early exercise, 24-29
Edge/skilled traders, 64-65
E-GARCH, see ARCH (autoregressive conditional
heteroskedasticity)
Empirical volatility weightings, 151-152
Engle, R., 102, 142
Equities market, 26, 33, 34
Eurodollars, 15, 91
and convexity, 188-190
correlation matrix (Table 12.4), 219
future, mapping convergence for, 215
European options, 18, 20, 22, 24, 26
and Asian options, 410, 411
barrier option, 40
and bucketing, 229-231
double bet, 40
forward delta, 231
rules, and ranking of securities, 453
simple vega of, 147
Exotic options, see Asian options; Barrier options,
double; Barrier options, regular; Barrier
options, reverse; Binary options (American);
Binary options (European); Chooser options;
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Exotic options (Continued)
Compound options; Higher-order options;
Lookback options; Multiasset options
trading and hedging, 271-272
Expiration pin risks, 21, 368, 222-228, 222, 290
Expiration profile, 353
Expiration of vanilla option, and bleed, 196-197
Exploding option, 364-365
Exponential decay, 95
Extrema, 407

Fair dice, 58, 284, 426
and the Dubins-Savage optimal strategy, 65-66
Feller, W., 246
Feynman, Richard, 5
Feynman-Kac, 461-462
Filtering, 95
First exit time, 174, 339. See also Option(s),
duration; Stopping time
First-order volatility trade, 263
Fixed income instruments/market:
derivatives book, and classification of risks, 33
mapping convergence for, 215
and primary/secondary risks (Table 1.3), 34
Fixed strike, 403
Flat position, 226-228
Floating rate agreements (FRAs), Eurodollars, 15
Floating strike, 403
Floor(s), 34, 40
Floorlets, 34, 382
Floortion, 382
Fooling customers, 351, 353
Foreign cross-currency pairs, and delta, 124
Foreign currency forwards, and delta, 124
Forward delta, European option, 22
Forward implied volatility, 154
Forwards/futures/forward-forwards, 15, 29-32
bucketing, forward or forward-forward, 231-232
correlation between future and financing
(advanced issue), 31-32
delta, 123-126
forward contract, 29
forward-forward, 32
forwards and futures, 19
future, 29
Fractal structure, 419
Franchises, 54
Frictionless markets (assumption of Black-Scholes-
Merton), 110-111
Fung, Bill, 65
Fungibility, 208-213, 208
and changes in rules of game, 212-213
classification of products by degree of (Table
12.1), 211
and option arbitrage, 212
ranking of, 209-210
and term structure of prices, cash-and-carry line,
210-211
Future, 29. See also Forwards/futures/forward-
forwards
delta for, 125~126

Gamma, 11, 112, 132, 132-146
alpha, in definition of, 178, 179
of the back month, correction for, 136-138
for a bet, 285-289
of betspreads, 294
bleed, 191-197, 191, 228
characteristics of short and long (Table 4.1), 78
and delta, continuous-time, 118
delta of the (third moment), 202
down-gamma, 133, 135, 136
of the gamma (fourth moment), 202

GARCH, 142
hedging reverse knock-outs, 356-361
imperfections for a book, 133-136
“letting the gammas run,” 104
lookback, 405
modified, 36
rebalancing, 1
and risk reversal, 135, 136
second moment, 202
shadow, 127, 132, 138-142, 139
advanced, 142-143, 142
simple, 132-133
in time and space (Figure 17.13), 289
up-gamma, 133, 134, 135, 136
and vega, 149-150
Gap(s), 374-375
delta, 300
gap report, 374
risk, 372
GARCH, 102-103. See also ARCH (autoregressive
conditional heteroskedasticity)
E-GARCH (exponential), 102
GARCH gamma, 142
N-GARCH (nonlinear), 102
Garman, M., 57, 103
Garman-Klass estimator, 103
Gatto, M., 405
Geman, H., 468, 474
Geometric Brownian motion, see Brownian motion,
geometric
Girsanov, 34, 295, 339, 430, 469470
Goldman, B., 405
Gradient, 387
Greater fool theory, 62
Greeks, 10, 11, 34, 181-182
changes in time and space (behavior), 191-207
definition/shortcomings/modification for use of
Black-Scholes-Merton, 112-113
minor, 171-181
state, to match on every, 257-258
stealth and health, 182-183
Greenspan, Alan, 238
Grossman, Sanford, 57, 76
Gulf War, 130

Hard/soft:
American options, 21, 24-26, 24, 25
deltas, soft vs. hard, 262-263
hard-path-dependent option, 46
omega (option duration); hard rule and soft rule,
174-175
optionality, 20
soft-path-dependent option, 46
Harrison, M., 461 »
Health, 183
Heath, D., 37, 114, 174
Hedge ratio, and delta (parting ways), 115
Heteroskedasticity, 102, 217. See also ARCH
(autoregressive conditional heteroskedasticity)
Higher order options, 45, 382
trading and hedging, 272
Histogram, 242
Holes, liquidity, see Liquidity
Homogeneity, 36, 38-41, 272
Homoskedasticity of markets, 449
Hull, J., 114, 176
Hull and White model, 239

Index-amortizing swaps, 85

Index replication, and stacking, 221
ingersoll, J., 188, 202

Instruments, 9-37

Tnsurance, portfolio, 75-77




Interest rates and carry, correlation between, 252

Intrinsic value, 18

Invisible passive replicator, 110

Invisible risk, 34

Ito Process (assumption of Black-Scholes-Merton),
110

Ito’s lemma explained, 459-462

Jarrow, R,, 37,114, 174
Jeanblanc-Piqué, M., 462
Jensen'’s inequality, 411
Jump diffusion, 114

Kalman filter, 95

Kani, I, 344, 345, 373

Kappa, 147

Karatzas, 1., 199

Klass, M., 103

Knock-in options, 317-319

Knock-out option, 82, 312-316, 312, 474-475
Kreps, D., 461

Ladder options, 405-408, 405
Legal arbitrage, 87
Leland, H., 77
LIBOR-square (London Interbank Offer Rate), 16
Lifestyles of traders, comparative, 61
LIFFE (London Interbank Financial Future
Exchange), 29
Limit decomposable /decomposition, 40, 110
Limit orders, 70, 78
Linear combinations, 390-395, 390
multiasset options, 383
Linear instruments:
delta for, 123-126
derivatives, 9. See also Derivatives
Liquidity, 68-79
barrier options and liquidity vacuum, 72-73
Black-Scholes, 73-74
holes, 68-69, 68, 73, 300, 313
graphic illustration of (Figure 4.1), 71
“mother of all” (SP500), 74
one-way liquidity traps, 73
and option pricing, 77-79
portfolio insurance, 75-77
risk, 34
management, 70
and VAR, 449
slippage, 68
reverse, 74-75
stop orders and path of illiquidity, 70-72
limit orders, 70
stop-loss orders, 70
and triple witching hour, 75
Live cattle prices, 213
Lo, A., 105
Local (market participant), 48, 79
Local time, 198
Lock delta, 204
Lognormality, 89, 284, 391
Long the barrier, 317
Lookback options, 104, 270, 271, 403-405, 403
and path dependence, 47
and primary/secondary risks (Table 1.4), 35
Lottery effect, 239

McKinley, A. Craig, 105
Macromanagement, 3
Manufacturer/user (categories), 11
Margrabe option, 390
Market(s):

barriers, 224, 224-226

cleared, 374
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completeness, 461
failures, and limits, 74
making, see Market making
mean-reverting/trending, 346
microstructure (branch of financial theory), 57
mined, 374
vs. clear, 368
neutrality, 132
stack, market-neutral, 218
Market making, 48-67
adverse selection, 60-61
and autocorrelation of price changes, 58
book runners vs. price takers, 48-50
participants, 49
arbs, 48
local, 48
paper, 48
and price for immediacy, 57-58
products, commoditized and nonstandardized,
50-53
and profitability, illusion of, 58-60
proprietary departments, 54-56
signaling, 60, 61
tacit rules (market making), 56-57
Markov assumption/component of Brownian
motion, 73
Marks-to-market differences, futures/forwards,
30-31
Martingale/submartingale, 58
Mathematica™ program, 477
Mean-reverting market, 346
Mechanical stability, 81
Memory, ills of, 73-74
Memoryless Brownian motion, 73
Merton’s jump diffusion, 114
Micromanagement, 3
Microstructure, market, 57
Middlebrow:
convexity, 185
swaps head trader, 254
Miller, Merton, 57
Mined market, 374
Mirror image, 22, 78
Models, 109, 114
Modified delta, see Delta, modified
Modified gamma, see Gamma, modified
Modified theta, see Theta, modified
Modified vega, see Vega, modified
Moments, 202-204, 264-265
Monkeys on a typewriter, 64~67
Monte Carlo, 175, 462, 245, 410, 411
Morton, A., 37,114, 174
Multiasset bets, 294
Multiasset options, 44, 383-402, 466-467
basket options, 391 13
choice, 384-390
composite underlying securities, 395
correlated and uncorrelated Greeks, 387-389
correlation issues, 392
and correlation triangles, 438—444
correlation vega, 386
linear combinations, 390-395, 390
lognormality, 391
outperformance option, 389
structure by construction, 44
trading and hedging, 272
Multidimensional options, 35

Neutral spreading, 258

N-GARCH, see ARCH (autoregressive conditional
heteroskedasticity)

Noncontingent time-dependent nonlinear
derivatives, see Derivatives’
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Nonlinear derivative, 9
Nonparallel accounting, 249-250
Nonstandardized products, 50-53
Non-time-homogeneous risks/structures, 39,
40-41, 272
Numeraire, 124, 128, 383, 431
conclusion, 435
flipping, 435
mathematical note, 436-437
relativity, 431-437
and two-country paradox, 433-435
Numerical stochastic integration, 477

O’Connell, Marty, 115
O’Hara, M., 61
Omega, 113, 174-178, 174
Option(s), 16-20. See also American options; Binary
options (American); Binary options
(European); European options; Option pricing
analysis, dimensions of, for understanding and
pricing, 38-47
on a basket, 40
duration, 174. See also Omega
equivalence, basic rules of, 20-24
replication, 256, 256258
risks defined (Figure 1.6), 36
simple, 18-20
on a spread, 40
symmetry, 324, 336
trading concepts, 256-269
vanilla/exotic, 38
Option, generalized, 38-47
barriers (step 3), 43
dimension of the structure and number of assets
(step 4), 43-45
dimension of the structure, 43
multiasset structure by construction, 44
homogeneity of structure (step 1), 38-41
time-homogeneous structure, 38
order of the options (step 5), 45-46
higher order options, 45
path dependence (step 6), 46-47
hard-path-dependent option, 46
path-dependent options, 46
path-independent options, 46
soft-path-dependent option, 46
payoff type, continuous and discontinuous (step
2), 41-42
digital (discontinuous) and ramp (continuous)
payoffs, 41
Optionality, 20
Option pricing, 239, 459-477
Black Scholes equation, 463-464
barrier options, 468—477
compound and chooser order options, 467-468
Ito’s lemma, 459-462
and liquidity, 77-79
multiasset options, 466-467
simple explanation of, 239
stochastic volatility model, 464-466
Option wizard:
barriers and price manipulation, 368
Black-Scholes-Merton (essence of), 110
bleed, forward and backward, 200
carry vs. convergence, 215
comparative lifestyles of traders, 61
contamination (or convexity) principle, 1415
contamination principle and barrier options, 295
contamination principle and LIBOR square, 17
convexity, middlebrow vs. modified, 185
correlation and volatility, 89
culture shocks, 5

curve and surface shifts, 162-163
delta and the probability of being in the money,
128
derivative trade, first, 13
difficult boss (another war story), 192
diffusion (random walk on a spreadsheet), 419
Dirac Delta, 285
European bet, pricing, 284
European Monetary System, war story, 227
fooled by the expiration profile, 353
gap delta, 300
“GARCH in their head,” 102
the Greeks, 10
hedger’s viewpoint, 10
how bad salespeople fool their customers, 351
how to get into trouble hedging, 45
interpolation, joys of, 172
Ito calculus, modicum of, 198-199
legality of the triggering, 367
linear and nonlinear securities, 11
looking at a graph through time, 301
market making and the burnout of traders, 60
option strategies, basic forms of, 261
option symmetry, 324
parametric and nonparametric tests, 204
Pareto-Levy, graphical representation of, 246
“Perhaps Bachelier Was Right,” 91
pitfalls for risk managers, 134
pseudovanilla, 393
replication map, 280
risk-neutral argument, why traders know, 429
risk reversal (revisited), 275
rubber time explained, 98
simple/complex trades/products, 261
simplicity rule, 26
smallest decomposable fragment of a structure, 40
“Thank God It’s Friday,” 193
. the half billion-dollar delta, 117
tick, dividing a, 277
too much hedging is bad for you, 311
trader decay, 52
trees, discrete states of parameters on, 176-177
vexed question, 254
why good models die, 114
Order, 45-46
Outbarrier options, 363
Outperformance options, 389, 467
Qutstrike, 312

Paper (market participant), 48, 79

Parallel shift, 162, 163

Parameter convexity, 36

Parkinson number, 101-107, 345

Partial deltas, 387-388, 389

Path dependency, 36,46-47, 248
and bucketing, 231
and bucket vega, 157
of exotic options, 363
hard-path-dependent option, 46
path-dependent options, 46
path-independent options, 46
of a regular option, 265-270
soft-path-dependent option, 46

Payoff, type of (continuous/discontinuous), 41-42

PIBOR, 130

Pin risks, see Expiration pin risks

Pit, SP500, 76

Pit chemistry, 76

Pit etiquette, 79

Pliska, S., 461

Poisson jump size, 114

Popper, Sir Karl, 9




Portfolio insurance, 75-77
Premature exercise, rules of, 175
Price for immediacy, 57-58
Price takers, vs. book runners, 48-50
Primary/secondary exposures, 228
Probabilistic fairness, 426
Probabilistic methods, 462
. Product or quotients (multiasset options), 383
Proprietary positions, 54-56
Proust, Marcel, 191
Put, 18, 19, 472-474
Put-call parity rules, 20-24

advanced, 252-255

European option, 20

and risk-neutral argument, 429
Put/call symmetry and hedging, 323-331

Quants/traders, 5, 383
Quasi-linear securities, 10, 12
Quick-and-dirty hedge, 216

Rainbow options, 383, 384-389, 384, 466
dual or multiple strikes, put-call parity rule, 253
Ramp, see Digital (discontinuous) and ramp
(continuous) payoffs
Random volatility, 238-242
Random walk, 89, 415
classical one-asset, 415-416
three-asset, 424-425
two-asset, 420-424
Ranking of securities, 453-457
Ratio backspread, 264, 265
Ratio write, lock delta for, 206, 207
Rebalancing the gamma, 1
Rebates, 363, 474
Recursive option replication (Figure 16.2), 258
Reflection principle, 336-339, 340, 469
Rent, 11, 178
Replication, option, see Option(s), replication
Report reading, see Risk(s)/risk management,
report reading
Reversal, risk, see Risk reversal
Reverse assets, 251
Reverse slippage, see Slippage, reverse
Rho, 36, 171-174, 171, 178
modified, 173
Rhod, 374
Rhof, 374
Rhop, 173
Rhol, 113, 173, 178, 228
Rho2, 113, 173, 178, 228
Risk(s)/risk management, 3-4, 32-35
and adverse selection and signaling, 60-62
commoditized products, 51-53
framework (Figure 1.1), 4
and liquidity, 70
macromanagement, 3
measuring, 109
method of squares for, 164-166
micromanagement, 3
primary/secondary risks, distinction, 32-35
report reading, 368-375
Risk-neutrality, 128, 426430, 463-464
Risk reversal, 135, 268, 275, 314, 323
Rolled, 429
Rollover option, lookback options, 404-405
Rosenberg, J., 142
Ross, S., 188, 372
Rotation (second order curve/surface shift), 162,
163
Rubber trees, 225
Rubinstein, Marc, 177, 345, 372
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Rudd, A., 114
Russell, B., 13

Savage, L., 65, 66
Savery, Howard, 273
Schwager’s New Market Wizards, 62
SCUD (second currency underlying), 363-364
SDF, see Smallest decomposable fragment (SDF)
Secondary exposure, 228
Second-order volatility trade, 264
Shadow reports, 369
Sharpe ratios, 66
Shreve, S., 199
Signaling, 60, 61
Skew, 164, 202, 238, 245-252, 245, 426-427
barrier decomposition under skew environments,
331-335
and biased assets, 248-249
correlation between interest rates and carry, 252
currencies as assets, 250-251
nonparallel accounting, 249-250
paradox, 282-283
pricing European binary options with, 279-289
reverse assets, 251
value linked to price, 250
volatility regimes, 251
Slippage, 68-69, 68, 74-75, 300
Smallest decomposable fragment (SDF), 40, 307, 382
Smart stack, 221
Smile, 27-29, 164, 239, 241
Soft, see Hard /soft
Sosin, H., 405
Spatial dimension, 36
SP500 pit, 76
Spot, 369
bet, 278-279, 278
Ddelta-Dspot, 191
DgammaDspot/Dgamma-Dspot, 118, 191
Dvega-Dspot, 191
grid of expected/spot dependence, 141
Spread(s), 264
classification of derivatives (Figure 1.1), 10
options, 467
Spreading:
advantages of, 259-260
neutral, 258
Spreadsheet, Brownian motion on, 415425
Squares, method of, 164-166
Squeeze, 84 :
Stability ratio (Ddeltadvol), 134, 200-201
Ddeltadvol, 200
Stacking techniques, 217-221
Standard deviation, 417-418, 419, 420, 422, 424, 425
as function of time (Figure 6.1), 89 N
States, 257-258
Static put/call parity (Table 1.1), 21
Static replication, 256
Static straight bucketing, see Bucket(s)/bucketing
Statistical trading vs. dynamic hedging, 289-290
Statistical value of track records, 64-65
Stealth, 183 -
Sticky strikes, 223-224, 223
Stochastic parameter tree, 176
Stochastic volatility model, 464-466
Stock or stock index, and delta, 125
Stop-loss orders, 70
Stop orders, 78
Stopping time, 174, 256, 272, 339, 344, 345, 476
Straight bucketing, see Bucket(s)/bucketing
Strangle write, lock delta for, 206
Strike, fixed/floating, 403
Strike, sticky, see Sticky strikes
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Strike bonus, 405, 406
Strike topography, 233-235
Surface shifts, 162-163. See also Volatility, surface
Swaps, 15, 16, 35
classification of derivatives (Figure 1.1), 10
Swaption, 40
SWARCH, see ARCH (autoregressive conditional
heteroskedasticity)
Swiss Bank Corporation, 259
Syldavian elections (imaginary currency), 143,
145-146, 369, 370-371, 374
Synthetic securities, 12-13, 12

Tails, 238-245, 238
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Tax arbitrage, 86
Thales of Miletus, 13
Theoretical edge, 260
Theta, 112, 167-171, 167
for a bet, 169
in definition of alpha, 178
interest carry, and self-financing strategies,
169-170
modified, 36, 167-169, 169
shadow, 170
weakness of, 171
Third derivatives, 191
Third moment, 275
Thresholds, 241
Time:
dimension, 36
economic vs. actual, 98
effect of, on knock-out options, 339
rubber, 98
Time-dependent linear derivatives, 13-16
Time-homogeneous structure, 38
Topography, 36, 232-237
position topography, 232
static topography, 233
Trader(s), 60, 61, 64, 65
Transaction costs, 78-79
Traps, one-way liquidity, 73
Trees, 176-177
binomial; 175, 176-177, 256, 336, 345
rubber, 225
stochastic parameter, 276
Trending market, 346
Triangle(s), 88, 455. See also Correlation, triangles
Triangular decomposition, 398-402
Trigger, 312-313
Trinomial tree, 176 )
Two-country paradox, 128, 431-437

Upstairs traders, 49
User/manufacturer (categories), 11

Vacuum, liquidity, 72-73
Value-at-risk (VAR), 45, 127, 445, 445-452
simplified examples, 446-449
Value trading vs. greater fool theory, 62
VAR, see Value-at-risk (VAR)
Variance ratio method, 101-107, 345-346
Vasicek, O., 188
Vega, 112, 147-166, 147
asymptotic vega test, 201
bucket, 113, 153, 158-161
convexity, 184
decomposition of, by squares (Figure 9.9), 166
effect (Table 21.1), 379
and gamma, 149-150
hedging reverse knock-outs, 356-361

linearity; costs of dynamic hedging, 378-379

modified, 36, 147, 150-151, 150

multifactor, 158-159

stability skew, 36
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with time (Figure 9.1), 148

and volatility (Figure 9.2), 149

and volatility surface; smile and skew, 164

vs. gamma, 260-262

Venezuelan par bonds, 368
Volatility, 88-107, 88

actual, 88

and alpha, 179, 180

augmented, 77

barrier options, effects of, 319-321

betting, 263-265

bleed, with changes in, 195-196

calculating historical, 92-94

constant (assumption of Black-Scholes-Merton),
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constant (“no such thing™), 97-99
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and delta, 127-131

extreme, and delta, 96, 127-131
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forward implied, 154-161, 154

fudging (for Black-Scholes-Merton), 114

as function of ratio of forward to strike (Figure
9.8), 166

grid of expected/spot dependence, 141

impact of volatility of (Table 15.1), 240

implied, 88, 164, 438

forward, 154-161, 154

map of, at different price levels (Table 8.4), 141

map of volatility and interest rate differentiais at
different price levels (Table 8.5), 144

Parkinson number, 101-107

random, 238-242

regimes, 251

rules (Table 16.1), 263

sensitivity of an American digital (Figure 18.2),
297

single volatility fudge, 343~344

surface, 114, 147, 163, 164

trading, initiation to, 260-262
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and VAR, 451

variance ratio method, 101-107

and vega, see Vega

weightings, simple, 151-153
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“hedging increases your risks,” 311
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Worst-case scenario, delta hedger, 270
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